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Abstract

Modern autonomous systems, such as flying, legged, and wheeled robots, are generally characterized by high-dimensional
nonlinear dynamics, which presents challenges for model-based safety-critical control design. Motivated by the success of
reduced-order models in robotics, this paper presents a tutorial on constructive safety-critical control via reduced-order
models and control barrier functions (CBFs). To this end, we provide a unified formulation of techniques in the literature
that share a common foundation of constructing CBFs for complex systems from CBFs for much simpler systems. Such
ideas are illustrated through formal results, simple numerical examples, and case studies of real-world systems to which
these techniques have been experimentally applied.
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1. Introduction

The control stack for modern autonomous systems –
from legged robots to self-driving vehicles – typically con-
sists of a complex interconnection of decision-making,
planning, and control modules, all of which may leverage
different model representations to strike a balance between
computational efficiency, model uncertainty, and satisfac-
tion of system-level specifications. Among the various
specifications that such autonomous systems must satisfy,
safety – informally thought of as requiring a system never
to do anything “bad” – is often given precedence, as the vi-
olation of specifications deemed to be safety-critical could
result in undesirable behavior. Over the past decade, con-
trol barrier functions (CBFs) [1, 2, 3, 4] have emerged as
a powerful tool for designing controllers that ensure the
safety of autonomous systems. Despite their success, con-
structing CBFs for high-dimensional autonomous systems
remains an open challenge since their dynamics may be
nontrivial or not even known.

To address these challenges, there has been recent in-
terest in constructing CBFs for complex autonomous sys-
tems based on reduced-order models (ROMs) – lower-
dimensional representations that are rich enough to cap-
ture the high-level behavior of the full-order system but
that are simple enough to synthesize safety-critical con-
trollers [5, 6, 7]. This approach has demonstrated success
in controlling seemingly complex systems, such as underac-
tuated and dynamic robotic systems, in a computationally
efficient manner, and naturally integrates into the existing
control stack present in many autonomous systems.

In this paper, we provide a self-contained introduction
and detailed overview of CBF techniques based on ROMs.

Here, we highlight the theoretical foundations of this ap-
proach and illustrate its applications across different do-
mains through a collection of case studies. Before diving
into this discussion, however, we first review current state-
of-the-art techniques in the field of safety-critical control
and motivate the techniques covered and perspective taken
in this tutorial.

1.1. The Different Flavors of Control Barrier Functions

The property of safety is often formalized using the
framework of set invariance [8] in which a system is said
to be safe if its trajectories remain within a desirable set
of the state space [4]. That is, a closed-loop system is safe
if there exists an invariant set that does not intersect with
a set of states deemed by the user to be dangerous. Such
an invariant set is referred to as a safe set.

By moving from invariant sets to controlled invari-
ant sets – those that can be rendered forward invariant
through the application of a feedback controller – this no-
tion of safety may also be applied to systems with control
inputs. Control designs in which safety is a high-priority
requirement are often referred to as safety-critical con-
trollers. Among the various tools that have emerged to
address safety-critical control, including, but not limited
to, model predictive control (MPC) [9, 10], reachability
analysis [11, 12], and symbolic control [13, 14], CBFs [3, 4]
have demonstrated success in synthesizing safety-critical
controllers for high-dimensional nonlinear systems.

Since the introduction of CBFs [1, 3] (see [4] for a more
in-depth survey on the history of CBFs), there has been a
large body of work in developing various types of CBFs for
different classes of systems and control objectives. Given
that CBFs are a model-based tool, and that most models
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are coarse representations of the underlying system, many
of these developments have been motivated by controlling
systems subject to uncertainty [15]. These include, for
example, robust CBFs for systems with unstructured un-
certainty [16, 17, 18, 19], adaptive CBFs for systems with
parametric uncertainty [20, 21, 22], data-driven CBFs for
systems with unknown dynamics [23, 24, 25], and stochas-
tic CBFs for systems with stochastic dynamics [26, 27].

Other lines of work have developed classes of CBFs
to account for different assumptions on systems’ actua-
tion and sensing capabilities. For example, measurement-
robust [28] and observer-based CBFs [29, 30] have been
developed to design safety-critical controllers for systems
with measurement uncertainty, whereas event-triggered
[31, 32, 33, 34] and sampled-data CBFs [35, 36, 37] have
been developed to enforce safety when one may only up-
date control inputs at discrete instances in time. Variants
of CBFs have also been developed to address more nuanced
notions of safety including input-to-state safety (ISSf)
[17, 18] and finite/fixed/prescribed-time safety [38, 39, 40],
whereas others have been used to enforce satisfaction of
more general temporal logic specifications [41, 42, 43].

1.2. Constructive Methods for Control Barrier Functions

Although much attention has been given to defining dif-
ferent classes of CBFs for various systems and control ob-
jectives of interest, relatively less attention has been given
to the construction of such CBFs. As a result, there ex-
ists a plethora of different types of CBFs, but a lack of
constructive techniques required to obtain such CBFs in
the first place. This lack of constructive techniques of-
ten limits the applicability of CBFs to relatively simple
low-dimensional systems. Motivated by these limitations,
researchers have begun to investigate constructive tech-
niques for safety-critical control and CBFs.

A central challenge in constructing a CBF is finding a
scalar function whose time derivative directly depends on
the system’s control input and whose zero superlevel set
defines a controlled invariant subset of the state space.
This challenge highlights the crucial distinction between a
safe set and a constraint set. The former is a controlled
invariant set that does not intersect with the set of fail-
ure states. The latter is simply the set of states deemed
by the user to not be in violation of a given safety con-
straint. These sets need not coincide and, in general, they
do not. For example, in robot motion planning problems,
the “distance to the obstacle” function – depending only
on the robot’s position – defines the obstacle-free space
(constraint set) but is not a CBF (i.e., it does not yield
a safe set) unless the derivatives of the position directly
depend on the control inputs.

The challenges mentioned above are related to the rela-
tive degree of the function – the number of times it must
be differentiated along the system dynamics until the in-
put appears – defining the safety constraint. A popular
approach to address such challenges is through the use of
extended, also called exponential [44] or high-order [45],

CBFs, which have roots in work on non-overshooting con-
trol [46]. Here, one differentiates a high relative degree
constraint function until the control input appears and
then enforces CBF-like conditions upon its highest-order
derivative. Such an approach has demonstrated success
in safety-critical control of high-dimensional systems [47],
but also faces challenges in verifying the satisfaction of
CBF-like conditions [48].

Some limitations of extended CBFs have been addressed
by leveraging the structure present in certain classes of
systems. For example, constructive CBF techniques have
been developed for robotic systems [49, 50, 51, 52] by ex-
ploiting structural properties of their dynamics. Other
approaches have sought to extend Lyapunov backstepping
[53] to CBFs for systems in strict-feedback form [54].

Other works have sought to address the limitations out-
lined above by leveraging implicitly defined CBFs, often
constructed by propagating forward the dynamics of the
system in a receding-horizon fashion [55] under a “backup”
[56, 57] or performance-based policy [58]. Such approaches
have close connections with MPC, and, indeed, one may
also leverage MPC techniques to construct CBFs in a
receding horizon manner [15, 59]. Although powerful,
these techniques often require additional online compu-
tation that may prohibit their use for real-time control of
high-dimensional systems.

To address these limitations, alternative approaches
seek to shift the computational burden of constructing a
CBF offline where one may leverage powerful optimiza-
tion tools to build a CBF. For example, sum-of-squares
programming has been used to construct CBFs for sys-
tems with polynomial dynamics [60, 61, 62, 63]. Other
works have sought to bridge the gap between reachability
analysis and CBFs [64, 65, 66], and illustrate that a CBF
for a general class of nonlinear systems can be constructed
from the value function of a particular discounted optimal
control problem. Although promising, these techniques
are limited by the computation needed to solve sum-of-
squares programs or compute value functions over a grid,
both of which scale poorly with the state dimension.

The computational challenges in constructing CBFs us-
ing offline optimization have motivated the use of learning-
based techniques to learn CBFs from data. Such ap-
proaches model the CBF using a suitable class of function
approximators, such as neural networks, and train such
a model to satisfy the criteria of a CBF either directly
[67, 68, 69] or by using data from expert demonstrations
[70, 71]. These learning-based approaches empirically per-
form well but also face the challenge of verifying if the
trained model satisfies CBF conditions for safety, which
may preclude their application to systems where safety
must be rigorously certified.

1.3. Control Barrier Functions via Reduced-Order Models

Modern autonomous systems, such as flying, legged,
and wheeled robots, are generally characterized by high-
dimensional nonlinear dynamics. Although CBF-based
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controllers may, in principle, be applied to such systems,
this first requires constructing a CBF for a complex high-
dimensional nonlinear system – a task that many of the
aforementioned methods struggle with. Rather than di-
rectly constructing a CBF for a complicated system, an
alternative approach is to construct a CBF for a much
simpler system, and then attempt to relate the inputs that
enforce safety of this simpler system back to the inputs of
the original system. That is, one may use a reduced-order
representation of the original, full-order, dynamics for the
purpose of control design, and then refine such a controller
for the full-order system provided its dynamic behavior is
sufficiently captured by the reduced-order model.

Such control designs, despite leveraging simple models,
have demonstrated success in different areas of robotics. In
mobile robotics, single integrator [72] and unicycle mod-
els [73] are often used as the basis for control designs
of more complicated nonholonomic systems. In legged
robotics, reduced-order models such as the spring-loaded
inverted pendulum [74], linear inverted pendulum [75], and
hybrid-linear inverted pendulum [76] have demonstrated
continued success in controlling walking robots with high-
dimensional nonlinear dynamics.

Inspired by their success in robotics, there has been
recent interest in using reduced-order models for safety-
critical control design. In the context of CBFs, such ideas
were introduced in [7, 49] where CBFs designed for sim-
ple kinematic models were used to generate safe veloc-
ity commands to be tracked by more complicated robotic
systems, such as drones [7] and manipulators [49]. Such
control designs were formalized in [5] by illustrating that
the combination of a CBF for a reduced-order model and
a Lyapunov function certifying tracking of the reduced-
order trajectory may be used to establish safety of the
full-order system. Further extensions and applications of
this approach have been reported in [6, 77, 78]. Although
not explicitly framed as safety-critical control based on
reduced-order models, CBF backstepping [54] shares with
these approaches the ability to construct CBFs for com-
plicated systems from CBFs for simple models.

1.4. Objective of this Paper

The primary objective of this paper is to provide a tu-
torial presentation of CBF techniques based on reduced-
order models. In doing so, we present a unified formula-
tion of techniques in the literature that share a common
foundation of constructing CBFs for complex systems from
CBFs for much simpler systems. These ideas are illus-
trated through formal results, simple numerical examples,
and high-level overviews of more complicated applications.
The majority of the stated theoretical results have already
been established, in one form or another, in the various
works cited herein. For illustrative purposes, the proofs
of selected results are provided in the Appendix. Other
results are new but are also minor extensions or combi-
nations of existing results. For completeness, the proofs
of such results are also collected in the Appendix. All

the numerical examples presented in this tutorial can be
reproduced using open-source code available on Github1.

1.5. Organization and Outline

The remainder of this paper is organized as follows.
In Sec. 2, we provide a self-contained introduction to

safety-critical control via CBFs. First, we review the char-
acterization of safety via set invariance [8] and barrier func-
tions [3] and then discuss how such ideas may be extended
to design safety-critical controllers using CBFs. Next, we
discuss how CBFs may be extended to disturbed systems
using the framework of ISSf [17, 18, 19], leading to the
synthesis of robust safety-critical controllers. Finally, we
review the concept of a smooth safety filter [79] – a class
of differentiable CBF-based controllers that will play an
important role in synthesizing CBFs via ROMs.

In Sec. 3, we begin our exposition on the construction of
CBFs via ROMs. Here, we first discuss some of the techni-
cal challenges in constructing CBFs for high-dimensional
systems and then outline various classes of systems whose
structure facilitates the synthesis of CBFs using ROMs.

In Sec. 4, we present our first constructive technique
for CBF synthesis, which exploits the idea of CBF back-
stepping as originally developed in [54]. We demonstrate
how this approach applies to general classes of systems
whose dynamics may be interpreted as a layered control
architecture and compare this backstepping approach with
existing high-order CBF approaches.

In Sec. 5, we demonstrate how CBF backstepping may
be specialized to robotic systems whose dynamics also ex-
hibit a particularly useful cascaded structure. When such
a system is fully actuated, we illustrate how one may di-
rectly apply the backstepping approach presented in Sec.
4 to generate CBFs. We then extend this approach, com-
bining it with the notion of an energy-based CBF [49],
which further exploits the structure of the robot dynam-
ics to construct CBFs. Finally, using ideas inspired by
those from [80], we show how CBFs may be constructed
for certain classes of underactuated robotic systems.

In Sec. 6, we illustrate how previous constructions can
be understood as combining a CBF for a ROM with a
Lyapunov function certifying tracking of the ROM by the
full-order dynamics. Such an approach relaxes many of the
structural requirements imposed in the previous sections
and replaces them with the, perhaps, less strict require-
ment of the existence of a tracking controller. Moreover,
we demonstrate how this approach leads to the paradigm
of model-free safety-critical control [5] in which one need
not directly rely on the full-order dynamics to construct
safety-critical controllers.

In Sec. 7, we revisit more complex application exam-
ples from the literature that leverage the constructive CBF
techniques outlined in previous sections. These examples
include safety-critical control of fixed-wing aircraft, flying,

1https://github.com/maxhcohen/ReducedOrderModelCBFs.jl
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legged and wheeled robots, manipulators, and heavy-duty
trucks—both in simulation and hardware experiments.

In Sec. 8, we highlight the limitations of the paradigms
presented in this tutorial and provide our perspective on
open research directions.

2. A Primer on Safety-Critical Control

2.1. Notation

We use N, R, R≥0, R>0 to denote the set of natural
numbers, real numbers, nonnegative real numbers, and
positive real numbers, respectively. The notation Rn de-
notes the n-dimensional Euclidean vector space. Given
a vector x ∈ Rn we write x⊤ ∈ R1×n to denote its
transpose and x · y = x⊤y to denote the inner prod-
uct between vectors. Given a continuously differentiable
scalar function h : Rn → R we denote the gradient of
h as ∇h : Rn → Rn. We use Lfh(x) := ∇h(x) · f(x)
to denote the Lie derivative of a continuously differen-
tiable scalar function h : Rn → R along a vector field
f : Rn → Rn. The same definition applies when tak-
ing the Lie derivative of h along a matrix-valued function
g : Rn → Rn×m whose columns can be thought of as
vector fields on Rn. For a continuously differentiable func-
tion k : Rn → Rm we use ∂k

∂x (x) ∈ Rm×n to denote the
Jacobian matrix of k evaluated at x ∈ Rn. A continu-
ous function α : R → R is said to be an extended class
K∞ function, denoted by α ∈ Ke

∞, if α(0) = 0, α is strictly
increasing, and lims→±∞ α(s) = ±∞. A continuous func-
tion α : R≥0 → R≥0 is said to be class K∞ function,
denoted by α ∈ K∞, if α(0) = 0, α is strictly increasing
and lims→∞ α(s) = ∞. We use ReLU(x) := max{0, x} to
denote the ReLU activation function. For a manifold Q,
we use TqQ to denote the tangent space to Q at a point
q ∈ Q and TQ to denote the tangent bundle. We use
∥x∥ to denote the Euclidean norm of a vector x ∈ Rn and
∥x∥C := infy∈C ∥x − y∥ to denote the distance between
a vector x ∈ Rn and a set C ⊂ Rn. Given a function
h : Rn → R and set C ⊂ R we denote the restriction of h
to C by h|C : C → R. For a closed set C ⊂ Rn, we use ∂C to
denote its boundary and Int(C) to denote its interior. We
use 0 to denote a vector or matrix of zeros of appropriate
dimension and I to denote an identity matrix of appro-
priate dimension, where all dimensions will be made clear
from the context.

2.2. Foundations of Safety-Critical Control

In this subsection, we outline the foundations of safety-
critical control based on the fundamental notion of set in-
variance. We begin by considering the dynamical system:

ẋ = f(x), (1)

where x ∈ Rn is the system state and f : Rn → Rn is a
locally Lipschitz vector field. Then, for each initial con-
dition x0 ∈ Rn, the dynamics in (1) generate a unique

continuously differentiable trajectory x : I(x0) → Rn de-
fined on some maximal interval of existence I(x0) ⊆ R≥0

satisfying:
ẋ(t) =f(x(t))

x(0) =x0,
(2)

for all t ∈ I(x0) [81, Ch. 3].
The main property of (1) studied in this paper is safety,

which is formalized by requiring trajectories of (1) to re-
main within a safe set C ⊂ Rn at all times.

Definition 1 (Safety [4]). A set C ⊂ Rn is said to be
forward invariant for (1) if for each initial condition
x0 ∈ C, the resulting trajectory x : I(x0) → Rn satisfies
x(t) ∈ C for all t ∈ I(x0). System (1) is said to be safe on
a set C ⊂ Rn if C is forward invariant.

Necessary and sufficient conditions for set invariance, and
thus safety, can be characterized using the notion of tan-
gent cones2 [83, 84, 85, 86]. Informally, the tangent cone
TC(x) ⊂ Rn to a closed set C ⊂ Rn at a point x ∈ Rn is
the set of all vectors v ∈ Rn emanating from x such that if
one were to move infinitesimally along v, then one would
remain in C. Hence, for x ∈ Int(C) we have TC(x) = Rn,
whereas for x /∈ C we have TC(x) = ∅, implying the tan-
gent cone is nontrivial only on the boundary of C. The
above ideas can be formalized concisely using the follow-
ing definition:

TC(x) :=
{
v ∈ Rn : lim inf

δ→0+

∥x+ δv∥C
δ

= 0

}
. (3)

The following result, known as Nagumo’s Theorem, lever-
ages tangent cones to provide necessary and sufficient con-
ditions for safety.

Theorem 1 (Nagumo’s Theorem [83]). A closed set
C ⊂ Rn is forward invariant for (1) if and only if for
all x ∈ ∂C:

f(x) ∈ TC(x). (4)

Intuitively, Nagumo’s Theorem states that C is forward
invariant if and only if the vector field characterizing (1)
points into or is tangent to C for each point on the bound-
ary of C. Modern proofs of Nagumo’s Theorem can be
found in [8, Ch. 4] and [87, Ch. 4]. Unfortunately, ob-
taining a closed-form expression to (3) for general closed
sets C is often not possible, making the general version of
Nagumo’s Theorem challenging to apply in practice. To
obtain more practical conditions for safety, we must re-
strict the class of sets whose invariance we wish to certify.
Throughout this paper, we focus on sets of the form:

C ={x ∈ Rn : h(x) ≥ 0},
∂C ={x ∈ Rn : h(x) = 0},

Int(C) ={x ∈ Rn : h(x) > 0},
(5)

2For a general closed set C one may define various classes of tan-
gent cones, all of which coincide when C is convex. Examples include
the Bouligand tangent cone [82] and the Clarke tangent cone. In this
tutorial, our definition corresponds to the Bouligand tangent cone.
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where h : Rn → R is continuously differentiable. Before
illustrating how such sets yield convenient representations
of tangent cones, we require the notion of a regular value.

Definition 2 (Regular value [87]). A real number
a ∈ R is said to be a regular value of a continuously dif-
ferentiable function h : Rn → R if ∇h(x) ̸= 0 whenever
h(x) = a.

When C is defined as in (5) and zero is a regular value of
h, the tangent cone is straightforward to compute.

Lemma 1 ([87]). Consider a set C ⊂ Rn as in (5) and
suppose that zero is a regular value of h. Then:

TC(x) = {v ∈ Rn : ∇h(x) · v ≥ 0}, ∀x ∈ ∂C. (6)

This characterization of tangent cones leads to the follow-
ing useful corollary of Nagumo’s Theorem.

Corollary 1. Let the conditions of Lemma 1 hold. Then,
C is forward invariant for (1) if and only if:

h(x) = 0 =⇒ ḣ(x) = Lfh(x) ≥ 0. (7)

Note that when zero is not a regular value of h, the condi-
tion in (7) does not necessarily imply the forward invari-
ance of C since, in such a situation, the tangent cone does
not coincide with (6).

The preceding developments serve as the foundation for
barrier functions – Lyapunov-like functions that can be
used to verify the safety (rather than stability) of nonlinear
systems.

Definition 3 (Barrier function [2]). A continuously
differentiable function h : Rn → R defining a set C ⊂ Rn
as in (5) is said to be a barrier function for (1) on C if
zero is a regular value of h and there exists α ∈ Ke

∞ such
that for all x ∈ Rn:

ḣ(x) = Lfh(x) ≥ −α(h(x)). (8)

Note that since α(0) = 0, the condition in (8) implies
that in (7), thereby providing a suitable generalization of
invariance conditions beyond just the boundary of C. In-
tuitively, the condition in (8) requires the system to “slow
down” as it approaches the boundary of C and stop once
it reaches the boundary. Although our definition of a bar-
rier function requires zero to be a regular value of h, this
is not strictly necessary. Indeed, the use of an extended
class K∞ function in conjunction with requiring inequality
(8) to hold at points outside of C enables one to dispense
with this regularity condition and establish forward invari-
ance using the comparison lemma [88], providing further
generalizations of classical invariance tools. An additional
benefit of requiring inequality (8) to hold on a set larger
than C – in our case, all of Rn – is that such a condi-
tion not only enforces invariance of C, but also attractiv-

ity of C. That is, C is asymptotically stable3 for (1) with
V (x) = ReLU(−h(x)) as a Lyapunov function.

Theorem 2 ([2]). If h : Rn → R is a barrier function
for (1) on a set C ⊂ Rn as in (5), then C is forward in-
variant. Moreover, if C is compact or the vector field f in
(1) is forward complete, then C is asymptotically stable.

In the above result, the requirement that (8) holds on all
of Rn is made only for ease of exposition – Theorem 2 and
almost all other barrier-related results presented in this tu-
torial can be generalized to hold on a subset D ⊆ Rn such
that C ⊂ D. Finally, we note that the characterization
of set invariance via barrier functions is tight in the sense
that, under certain conditions, the existence of a barrier
function is necessary and sufficient for forward invariance.

Theorem 3 ([2]). Let h : Rn → R be a continuously
differentiable function defining a compact set C ⊂ Rn as
in (5) and assume zero is a regular value of h. Then, C is
forward invariant for (1) if and only if h|C : C → R is a
barrier function for (1) on C.

The preceding generalizations of set invariance via bar-
rier functions play an important role in synthesizing con-
trollers enforcing safety, discussed in the following section.

2.3. Control Barrier Functions

In the previous subsection, we laid the foundation for
safety-critical control using the language of set invariance
and illustrated how barrier functions provide a useful tool
for verifying safety properties of dynamical systems. In
this section, we focus our attention on control systems of
the form:

ẋ = f(x) + g(x)u, (9)

where f : Rn → Rn is a locally Lipschitz vector field
modeling the drift of the system, g : Rn → Rn×m is a
locally Lipschitz mapping characterizing the control direc-
tions, and u ∈ Rm is the control input. Defining a notion
of safety for a control system, such as in (9), rather than
a closed-loop system, such as in (1), requires some modifi-
cations. Def. 1 cannot be directly applied to (9) since the
trajectories of (9) cannot be determined, in general, until
one specifies a control input u. The definition of safety for
(9) is captured via the notion of controlled invariance.

Definition 4 (Controlled invariance [8]). A set C ⊂
Rn is said to be feedback controlled invariant for (9) if there
exists a locally Lipschitz feedback controller k : Rn → Rm
such that C is forward invariant for the closed-loop system:

ẋ = f(x) + g(x)k(x) =: fcl(x). (10)

3Note that forward invariance is a necessary condition for asymp-
totic stability of a set. Thus, barrier functions can also be seen as
generalizing Lyapunov functions certifying stability of equilibrium
points to Lyapunov functions certifying stability of sets.
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Rather than verifying that an a priori designed con-
troller renders C forward invariant using the barrier con-
ditions outlined in the previous subsection, our objective
in this subsection is to provide a general methodology to
design controllers that enforce safety by construction. To-
wards this objective, the aforementioned barrier conditions
suggest designing such a controller so as to satisfy:

Lfh(x) + Lgh(x)k(x)︸ ︷︷ ︸
Lfcl

h(x)

≥ −α(h(x)), (11)

implying that such a controller enforces safety of the
closed-loop system by Theorem 2. This observation moti-
vates the concept of a control barrier function (CBF).

Definition 5 (Control barrier function [3]). A con-
tinuously differentiable function h : Rn → R defining a
set C ⊂ Rn as in (5) is said to be a control barrier func-
tion for (9) on C if there exists α ∈ Ke

∞ such that for all
x ∈ Rn:

sup
u∈Rm

ḣ(x,u) = sup
u∈Rm

{
Lfh(x) + Lgh(x)u

}
> −α(h(x)).

(12)

In contrast to Def. 3, we do not explicitly require zero to be
a regular value of h in the above definition since this prop-
erty implicitly follows from the strict inequality in (12).
Further motivation behind the use of this strict inequal-
ity is presented in Remark 1, and concerns the continuity
of controllers synthesized from CBFs. The existence of a
CBF implies that for each x ∈ Rn there exists an input
u ∈ Rm enforcing the inequality:

Lfh(x) + Lgh(x)u > −α(h(x)).

To use such inputs to enforce safety, we must be able to
stitch them together into a locally Lipschitz feedback con-
troller k : Rn → Rm satisfying (11). Fortunately, the
existence of a CBF implies the existence of such a con-
troller.

Theorem 4 ([3]). If h : Rn → R is a CBF for (9) on a
set C ⊂ Rn as in (5), then C is feedback controlled invari-
ant. Furthermore, if a locally Lipschitz feedback controller
k : Rn → Rm satisfies (11) for all x ∈ Rn, then C is for-
ward invariant for (10).

Although the above theorem guarantees the existence
of a controller enforcing safety, it does not explicitly state
how to construct one. The most popular approach to con-
structing CBF-based controllers is to incorporate (11) as
a constraint in an optimization problem parameterized by
the system state. That is, the controller x 7→ k(x) is it-
self an optimization problem that returns, for each x, a
control input u = k(x) satisfying (11). This approach is
motivated by the fact that such an inequality defines an
affine constraint on the control input, implying k(x) can
often be cast as a quadratic program (QP) that, in many
situations, admits a closed-form solution.

Perhaps the greatest utility of this QP-based perspective
is the ability to use CBFs as a safety filter for a desired
control policy kd : Rn → Rm whose safety has not yet
been established. Often, it is desirable to modify such a
controller in a minimally invasive fashion while guarantee-
ing safety. This leads to the instantiation of safety-critical
controllers via the following optimization problem:

k(x) = argmin
u∈Rm

1
2∥u− kd(x)∥2

subject to Lfh(x) + Lgh(x)u ≥ −α(h(x)),
(13)

which is a QP whose closed-form solution can be obtained
by defining:

a(x) :=Lfh(x) + Lgh(x)kd(x) + α(h(x))

b(x) :=∥Lgh(x)∥2,
(14)

and applying the Karush-Kuhn Tucker conditions [89] to
yield [19]:

k(x) =kd(x) + λ(a(x), b(x))Lgh(x)
⊤

λ(a, b) :=

{
0 b ≤ 0

ReLU(−a/b) b > 0,

(15)

where λ is the Lagrange multiplier associated with the
constraint in (13). Note that, by (15), the controller in
(13) allows the desired controller kd to be applied so long
as it satisfies the barrier condition (11), and provides a
minimal correction to kd when such a condition is not
satisfied. Importantly, the closed-form expression to the
QP (13) in (15) obviates the need explicitly solve an op-
timization problem in the control loop, which enables the
deployment of such controllers on hardware with limited
computational resources. Although this closed-form ex-
pression is only valid for a single CBF, whereas, in prac-
tice, one must often consider multiple CBFs, one often can
combine multiple CBFs into one, allowing one to leverage
the closed form solution even for arbitrarily complicated
safety specifications [90].

Remark 1 (Strict inequality). One may note that in
(8) and (11) we have used a nonstrict inequality, whereas
in the definition of a CBF (12) we have opted for a strict in-
equality. This difference is subtle but plays an important
role in ensuring Lipschitz continuity of CBF-based con-
trollers [16]. In short, the strict inequality preserves Lips-
chitz continuity of CBF-based controllers at points where
Lgh(x) = 0 (see [91, Ch. 3.5.3] for a similar discussion in
the context of control Lyapunov functions). Such points
arise often in practice. For example, any compact safe
set4 will contain points such that Lgh(x) = 0. Note that,
as a result, one may use a nonstrict inequality in (12) if

4If C is compact and h is continuously differentiable, then h
achieves a local maximum over C. At such a local maximum the
gradient of h must vanish, implying Lgh will also vanish.
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Lgh(x) ̸= 0 for all x ∈ Rn. Finally, we note that the strict
inequality is a property of the dynamics and safe set ir-
respective of any particular controller – its purpose is to
restrict the class of functions that may serve as a CBF to
those that can be used to synthesize a locally Lipschitz
feedback controller.

Although constructing a controller given a CBF can be
done systematically, constructing a CBF is often more
challenging. To determine if a candidate CBF h – a con-
tinuously differentiable function defining (5) – is indeed a
CBF, one must verify that (12) holds for each x ∈ Rn. To
do so, one may compute the supremum in (12):

sup
u∈Rm

{
Lfh(x) + Lgh(x)u

}
=

{
∞ Lgh(x) ̸= 0

Lfh(x) Lgh(x) = 0

and verify that the above result is strictly greater than
−α(h(x)). This simplifies to verifying that:

Lgh(x) = 0 =⇒ Lfh(x) > −α(h(x)),

for all x ∈ Rn. Intuitively, the CBF condition (12) is a
scalar inequality, which, when Lgh(x) ̸= 0, is always pos-
sible to satisfy by simply taking u as large or small as
necessary. When Lgh(x) = 0, however, one must rely on
the unforced dynamics of the system – captured via f – to
satisfy the CBF inequality. This discussion is formalized
via the following lemma.

Lemma 2. A continuously differentiable function h :
Rn → R is a CBF for (9) on C if and only if zero is a
regular value of h and for all x ∈ Rn:

Lgh(x) = 0 =⇒ Lfh(x) > −α(h(x)). (16)

Remark 2 (Input constraints). Lemma 2 provides
necessary and sufficient conditions for h to be a CBF when
the control input is unconstrained, that is, when u may
take any value in Rm. When additional inputs bounds
are present in the sense that u may only take values in a
strict subset U ⊂ Rm, Lemma 2 provides necessary5, but
not necessarily sufficient conditions that h must satisfy
to be a CBF. For ease of exposition, this tutorial will
focus on the construction of CBFs without additional
input bounds. Many of the approaches discussed herein
may be extended to include input bounds through the
use of backup CBFs [56, 57], with more details on the
unification of backup CBFs and ROMs discussed in [6].

For relatively simple systems, Lemma 2 provides a sim-
ple condition that one may check to certify that a contin-
uously differentiable function h defining a set C as in (5) is
indeed a CBF. The following example demonstrates such
a procedure for a canonical example in the CBF literature:
the inverted pendulum.

5If h is not a CBF without input bounds, then it certainly will
not be with input bounds.

Example 1 (Inverted pendulum). We now consider
the example of an inverted pendulum with state x = (θ, θ̇)
and dynamics: [

θ̇

θ̈

]
︸︷︷︸
ẋ

=

[
θ̇

g
l sin(θ)

]
︸ ︷︷ ︸

f(x)

+

[
0
1
ml2

]
︸ ︷︷ ︸
g(x)

u,

where θ ∈ R denotes the angular position of the pendu-
lum, g the acceleration due to gravity, l the length of the
pendulum, and m the mass of the pendulum. We estab-
lish a safety-critical controller for the inverted pendulum
by following the corresponding example in [18]. Our ob-
jective is to design a controller for the above system that
keeps the pendulum upright in the sense that its angular
position satisfies |θ| ≤ θ̄ for some θ̄ ∈ R>0.

To achieve this objective, we propose the CBF candi-
date:

h(x) = θ̄2 − θ2 − 1

2
(θ̇ + θ)2,

which defines a candidate safe set C ⊂ R2 as in (5). Note
that if (θ, θ̇) ∈ C, then |θ| ≤ θ̄ since:

h(x) ≥ 0 =⇒ θ̄2 − θ2 ≥ 1

2
(θ̇ + θ)2 ≥ 0 =⇒ θ2 ≤ θ̄2.

Hence, enforcing forward invariance of C ensures that
|θ(t)| ≤ θ̄ for all t. To check if h is a CBF we first compute:

∇h(x) =
[
−2θ − (θ̇ + θ)

−(θ̇ + θ)

]
,

and verify that zero is a regular value of h by investigating
the solution set of the linear system:

∇h(x) = 0 ⇐⇒
[
3 1
1 1

] [
θ

θ̇

]
=

[
0
0

]
.

The matrix in the above linear system is positive definite,
thus the only solution is (θ, θ̇) = 0. Since the only point
where the gradient of h vanishes is at the origin, which
does not lie on the boundary of C, zero is a regular value
of h. To use Lemma 2 and verify h as a CBF, we must
analyze the behavior of ḣ when Lgh(x) = 0. To this end,
we note that:

Lgh(x) = − θ̇ + θ

ml2
= 0 =⇒ θ̇ + θ = 0.

Hence, when Lgh(x) = 0, we also have:

Lfh(x) =
[
−2θ 0

] [ θ̇
g
l sin(θ)

]
= −2θθ̇ = 2θ2,

and h(x) = θ̄2 − θ2, implying that:

Lfh(x) + α(h(x)) = 2θ2 + α(θ̄2 − θ2).

By taking α(s) = α0s as a linear extended class K∞ func-
tion, we see that:

Lfh(x) + α(h(x)) = (2− α0)θ
2 + α0θ̄

2 > 0,
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Figure 1: Vector field of the inverted pendulum in Example 1 without any controller (left) and with the safety filter from (15) (right). In
each plot, the red ellipse denotes the boundary of C, the black vertical lines denote |θ| = θ̄ = π

4
, and the arrows of varying color illustrate the

system vector field. The varying colors of the arrows characterize the magnitude of each vector, with lighter colors corresponding to larger
magnitudes.

for all x ∈ R2 for any α0 ∈ (0, 2], implying that (12)
holds for all x ∈ R2 and, consequently, that h is a CBF
for the inverted pendulum. To accomplish the objective
of keeping the pendulum upright, we synthesize a safety
filter k : R2 → R using the QP in (13) with a nominal
policy of kd(x) = 0 and α0 = 1 whose closed-form solu-
tion is given by (15). The closed-loop vector field of the
pendulum under the influence of the safety filter and the
corresponding safe set is provided in Fig. 1.

The previous example illustrates the procedure required
to construct a CBF for relatively simple systems. In Ex-
ample 1, our CBF was different than the safety constraint
θ̄2 − θ2 ≥ 0 we wished to satisfy and contained additional
terms that depended on both the position and velocity of
the pendulum. For relatively simple systems, such as the
inverted pendulum, appending such terms to the original
safety requirement to obtain a CBF can often be done
through intuition or trial-and-error. For more complex
high-dimensional systems, however, constructing such a
“handcrafted” CBF by carefully blending various states of
the system into a single scalar function may be intractable.

Motivated by these challenges, the primary objective
of this paper is to outline a comprehensive methodology
for systematically constructing CBFs for high-dimensional
nonlinear systems based on reduced-order models. Ulti-
mately, this methodology enables one to construct CBFs
for complex systems from CBFs for much simpler systems,
such as the inverted pendulum outlined above. Before pre-
senting such constructions, we discuss in the following sec-
tion how the results of the present section can be extended
to handle uncertainties.

2.4. Robust Safety-Critical Control

In the previous subsections, we discussed notions of
safety for dynamical and control systems, implicitly as-
suming that the dynamics governing the system are fully
known. In reality, however, any system will be affected
by unmodeled dynamics and disturbances, which begs the

question: how do safety properties degrade in the presence
of uncertainties, and how may we design controllers so as
to mitigate the effects of such uncertainties? In this sub-
section, we discuss robust variants of CBFs via the notion
of input-to-state safety (ISSf) [17, 18, 19], which provides
an answer to this question.

Our starting point is the uncertain control affine system:

ẋ = f(x) + g(x)(u+ d), (17)

where d ∈ Rm is a disturbance. As the disturbance enters
the dynamics through the same channels as the control in-
put, the disturbance is said to be matched, implying that,
if the disturbance were known, it could simply be canceled
by the control input. Given a locally Lipschitz feedback
controller k : Rn → Rm and a piecewise continuous dis-
turbance signal t 7→ d(t), we obtain the closed-loop sys-
tem:

ẋ = f(x) + g(x)(k(x) + d(t)), (18)

which, for each initial condition x0 ∈ Rn, admits a piece-
wise continuously differentiable solution x : I(x0,d(·)) →
Rn defined on some maximal interval of existence
I(x0,d(·)) ⊆ R≥0.

In what follows, we assume bounded disturbance:

∥d∥∞ := sup
t≥0

∥d(t)∥ ≤ δ, (19)

with some δ ≥ 0. Given this bound on d, we introduce a
family of inflated safe sets:

Cδ := {x ∈ Rn : hδ(x) ≥ 0}, (20)

parameterized by δ, where:

hδ(x) := h(x) + γ(δ), (21)

for a γ ∈ K∞ to be specified shortly. Our notion of safety
for (18) is captured via the notion of ISSf.
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Definition 6 (Input-to-state safety [17]).
System (18) is said to be input-to-state safe (ISSf)
on a set C ⊂ Rn as in (5) if there exists a γ ∈ K∞ such
that for all δ ≥ 0 and all t 7→ d(t) satisfying (19) the set
Cδ⊂Rn as in (20) is forward invariant for (18).

The ISSf property implies a graceful degradation of safety
in the presence of uncertainties – potential safety viola-
tions are bounded by the magnitude of such uncertainties.
Similar to previous subsections, controllers enforcing such
a safety property may be constructed using CBFs.

Definition 7 (ISSf control barrier function [18]).
A continuously differentiable function h : Rn → R defin-
ing a set C ⊂ Rn as in (20) is said to be an input-to-state
safe CBF (ISSf-CBF) for (17) on C if there exist α ∈ Ke

∞
and ε ∈ R>0 such that for all x ∈ Rn:

sup
u∈Rm

{
Lfh(x) + Lgh(x)u

}
> −α(h(x)) + 1

ε
∥Lgh(x)∥2.

(22)

The main difference between CBFs and ISSf-CBFs is the
inclusion of 1

ε∥Lgh(x)∥2 in (22), which imposes a stronger
condition on the control input. This term serves to miti-
gate the impact of uncertainties via the tuning parameter
ε > 0 as shown in the following result.

Theorem 5 ([18]). If h : Rn → R is an ISSf-CBF for
(17) on a set C ⊂ Rn as in (5), then any locally Lipschitz
controller k : Rn → Rm satisfying:

Lfh(x) + Lgh(x)k(x) ≥ −α(h(x)) + 1

ε
∥Lgh(x)∥2, (23)

renders the closed-loop system (18) ISSf on C with:

γ(δ) = −α−1

(
−εδ

2

4

)
. (24)

According to (24), the inflated set Cδ can be brought as
close as desired to the original safe set C by decreasing ε,
with Cδ → C in the limit as ε→ 0. Although, in principle,
one can take ε as close to zero as desired, doing so generally
imposes a stronger condition on the control input, requir-
ing larger control effort, which may not be achievable in
practice. Similar to CBFs, the ISSf-CBF condition (23)
can be interpreted as an affine constraint that the control
input must satisfy, leading to the construction of ISSf en-
forcing controllers via QPs as in (13). Note that when the
uncertainties d are matched, as in (17), and Lgh(x) = 0,
neither the control input nor uncertainties may impact the
system, implying the criterion for constructing CBFs in
Lemma 2 also applies to ISSf-CBFs.

2.5. Smooth Safety Filters

In what follows, many of our results will require smooth
(differentiable as many times as necessary) CBF con-
trollers. This may seem restrictive since the vast major-
ity of CBF controllers – including the ones discussed in

this tutorial thus far – are computed as the solution to
an optimization problem and are inherently nonsmooth.
However, when the problem data itself is smooth (i.e., the
dynamics f ,g, CBF h, and extended class K∞ function α),
it is always possible to construct a smooth CBF controller.

Lemma 3 ([79]). Consider system (9) with f : Rn→Rn,
g : Rn → Rn×m smooth functions and let h : Rn → R be
a smooth CBF for (9) on a set C ⊂ Rn as in (5) with a
smooth α ∈ Ke

∞. Then, there exists a smooth feedback con-
troller k : Rn → Rm such that (11) holds for all x ∈ Rn.

The class of smooth controllers considered in this tu-
torial inherit the same structure as the closed-form QP
controller (15):

k(x) = kd(x) + λ(a(x), b(x))Lgh(x)
⊤, (25)

where kd : Rn → Rm is a nominal controller and a and
b are as in (14). Any smooth controller of the form (25)
satisfying the CBF inequality (11) is said to be a smooth
safety filter. The fact that the QP controller in (13) is
nonsmooth stems from the presence of the ReLU activa-
tion function in the Lagrange multiplier λ in (15), which
has the interpretation of “activating” the safety filter when
the nominal controller fails to guarantee satisfaction of the
CBF constraint in (11). This non-smoothness can be re-
moved by modifying the Lagrange multiplier λ using var-
ious “smooth universal formulas” such as [79]:

λ(a, b) =

{
0 b = 0
−a+

√
a2+σb2

b b ̸= 0
(Sontag)

λ(a, b) =

{
0 b = 0
−a+

√
a2+σb2

2b b ̸= 0
(Half-Sontag)

λ(a, b) =

{
0 b ≤ 0

σ log(1 + e−
a
σb ) b > 0

(Softplus)

λ(a, b) =


0 b ≤ 0

σ
pdfN(0,1)

(
a
σb

)
cdfN(0,1)

(
a
σb

) b > 0
(Gaussian),

(26)

where σ > 0 and pdfN (0,1)(·) and cdfN (0,1)(·) denote the
probability density function and cumulative distribution
function of a zero-mean Gaussian distribution with unit
variance [92]. Each of these functions can be shown to be
smooth on the set6:

S = {(a, b) ∈ R2 : a > 0 or b > 0},

and may be interpreted as a smooth over-approximation
of the original Lagrange multiplier from (15) as illustrated
in Fig. 2. The safety properties of these smooth universal

6In [79] this set was originally taken as a subset of R×R≥0 since,
in the context of CBFs, b := ∥Lgh(x)∥2 ≥ 0 for all x ∈ Rn, but
can be extended to a subset of R2 to discuss smoothness of (26)
independent of their relation to CBFs.

9



formulas – including how closely they may approximate
the QP-based controller (13) – can be established using
the techniques introduced in [79].

Remark 3. In the context of control Lyapunov functions
(CLFs), it is often stated that Sontag’s formula [93] is
smooth everywhere except possibly the origin, where one
can generally only guarantee continuity under the small
control property [91, Ch. 3.5.3]. However, this phe-
nomenon is unique to CLFs and does not arise in the con-
text of CBFs provided one is willing to use a strict inequal-
ity in (12). Indeed, as discussed in Remark 1, to guaran-
tee even continuity of CBF or CLF based controllers, one
must generally use a strict inequality in the definition of
a CBF/CLF, otherwise, the controller may not be contin-
uous when b = 0. This follows from the observation that
λ(a, 0) = 0 and the limit of λ(a, b) as b approaches zero is
zero under the condition that b = 0 =⇒ a > 0, where
λ is any of the formulas from (15) and (26). In contrast,
if one only requires b = 0 =⇒ a ≥ 0 this limit may
not exist. Now, when using a CLF, the strict inequality
does not hold at the origin since CLFs are positive definite,
and thus one requires an additional property to guarantee
continuity, which comes in the form of the small control
property. However, in the context of CBFs, under the pre-
sumption that zero is a regular value of h, which implicitly
holds when defining a CBF as in (12), the strict inequality
holds for all x ∈ Rn, which ensures continuity of the QP-
based controller at all points and smoothness of the other
formulas at all points.

As each of the formulas in (26) is an over-approximation
of the Lagrange multiplier from (15), the resulting smooth
safety filter in (25) enforces strict satisfaction of the CBF
inequality (11), which will become important when con-
structing CBFs from reduced-order models. Our discus-
sion on smooth safety filters is formalized in the following
result.

Theorem 6 ([79]). Let the conditions of Lemma 3 hold.
Then, for each λ : R2 → R in (26), the controller k :
Rn → Rm in (25) is smooth and satisfies:

Lfh(x) + Lgh(x)k(x) > −α(h(x)), (27)

for all x ∈ Rn and therefore renders the set C ⊂ Rn from
(5) forward invariant for the closed-loop system.

3. Reduced-Order Models and Layered Control
Architectures

In this section, we begin our formal presentation of syn-
thesizing CBFs via reduced-order models (ROMs). First,
we motivate our eventual constructions by discussing the
challenges associated with synthesizing CBFs for high-
dimensional systems. We then introduce various classes

of control systems that may be interpreted as layered con-
trol architectures. These include, for example, robotic sys-
tems, where the dynamics of higher layers act as ROMs for
the lower layer dynamics, the states of which are, in turn,
viewed as control inputs to the aforementioned ROM.

3.1. Challenges in Constructing CBFs

Our main focus in this tutorial is on high-dimensional
nonlinear control systems whose dynamics may be viewed
as a layered architecture in which states of lower layers are
viewed as control inputs for higher layers. This perspective
is motivated by the fact that constructing CBFs for high-
dimensional systems may be challenging – such CBFs must
generally take into account the behavior of the full-order
dynamics to ensure safety. As demonstrated throughout
this tutorial, these challenges can often be overcome by
exploiting the layered structure present in many relevant
systems to recursively construct a CBF for a complex sys-
tem from a CBF for a much simpler one.

Many of the challenges associated with constructing
CBFs are often related to the relative degree of a func-
tion h : Rn → R defining a candidate safe set as in (5).

Definition 8 (Relative degree). A smooth function
h : Rn → R is said to have relative degree r ∈ N for (9)
on a set D ⊆ Rn if:

1. LgL
r−i
f h(x) = 0 for all x ∈ D and i ∈ {2, . . . , r};

2. LgL
r−1
f h(x) ̸= 0 for some x ∈ D,

where higher-order Lie derivatives are defined as:

L0
fh(x) := h(x), Lifh(x) :=

∂Li−1
f h

∂x
f(x),

LgLfh(x) :=
∂Lfh

∂x
g(x), LgL

i
fh(x) :=

∂Lifh

∂x
g(x).

If the second condition holds for all x ∈ D, then h is said
to have uniform relative degree r ∈ N for (9) on D.

When h has uniform relative degree 1 for (9) on Rn,
i.e., if Lgh(x) ̸= 0 for all x ∈ Rn, then h is a CBF for (9)
(with u ∈ Rm) since it is always possible to pick u ∈ Rm
as large or small as necessary to satisfy (12). When h
has relative degree 1, but not uniform relative degree 1, h
is a CBF for (9) provided Lfh(x) > −α(h(x)) whenever
Lgh(x) = 0. When h has relative degree larger than 1,
then Lgh(x) = 0 for all x ∈ Rn and h is unlikely to be a
CBF for (9) unless the unforced dynamics of the system are
already safe in the sense that Lfh(x) > −α(h(x)) for all
x ∈ Rn. Thus, the ability to construct a CBF for a given
system is tightly coupled to the construction of a relative
degree one function whose zero superlevel set contains the
set of states deemed to be safe.

Example 2 (Double integrator). We illustrate many
of the ideas presented in this tutorial using the simplest
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Figure 2: Smooth universal formulas for safety-critical control compared to the ReLU function associated with quadratic programs. The left
plot illustrates the variation of λ(a, b) with respect to a for a fixed b > 0 while the right plot illustrates the variation of λ(a, b) with respect
to b for a fixed a > 0 for each of the formulas in (26).

possible example of a higher-dimensional system – the dou-
ble integrator with state x = (q, ξ) ∈ RN and dynamics:[

q̇

ξ̇

]
︸︷︷︸
ẋ

=

[
ξ
0

]
︸︷︷︸
f(x)

+

[
0
I

]
︸︷︷︸
g(x)

u. (28)

Here, q ∈ Rn represents the position/configuration of the
system and ξ ∈ Rp captures the velocity. Often, one de-
sires to design a feedback controller for (28) so that the re-
sulting configuration trajectory t 7→ q(t) satisfies q(t) ∈ C0
for all t ≥ 0, where C0 ⊂ Rn is a configuration constraint
set that may, for example, capture the obstacle-free space
in a collision avoidance problem. We assume this set may
be characterized as the zero superlevel set of a continu-
ously differentiable function h0 : Rn → R as:

C0 = {q ∈ Rn : h0(q) ≥ 0}.

Given the objective of keeping the configuration in the
above set, and the ability of CBFs to render such sets
forward invariant, one may be tempted to simply take
h(x) = h0(q) and C = C0 × Rp as a CBF candidate and
corresponding safe set for (28). Yet, this function may not
serve as a CBF for (28), in general, since it has a relative
degree larger than one:

Lgh(x) =
[
∇h0(q)⊤ 0

]︸ ︷︷ ︸
∇h(x)⊤

[
0
I

]
︸︷︷︸
g(x)

= 0.

To remedy this, one must choose h to additionally depend
on ξ, which could be done in a similar fashion to Example
1 so that h has relative degree one and defines a set C such
that rendering C forward invariant is sufficient to ensure
satisfaction of the original configuration constraint in C0.

The previous example, although extremely simple, un-
derscores one of the primary challenges7 in constructing

7The other primary challenge is verifying (12) when u ∈ U ⊂ Rm.

CBFs: a CBF, in general, must depend on all of the states
of the system. For the double integrator in Example 2, it
is often possible to construct a relative degree one func-
tion containing all of the system states to serve as CBF
whose corresponding safe set contains the configuration
constraint set of interest, as was done in Example 1 for
the inverted pendulum. For more complex systems, how-
ever, capturing all of the states necessary to ensure safety
in a single scalar function may be intractable. In the re-
mainder of this tutorial, we outline various methodologies
to systematically build CBFs for complex systems using
ROMs – lower dimensional representations of the origi-
nal system that capture its high-level dynamics, but that
are simple enough to construct CBFs for. Naturally, such
methodologies require more structure than is present in
the general control affine system (9) considered thus far.
As hinted at earlier, these constructions are applicable to
systems admitting a layered architecture in which the dy-
namics of higher layers act as ROMs for the lower-layer
dynamics, the states of which are viewed as control inputs
to the higher-layer dynamics. In the remainder of this sec-
tion, we outline relevant classes of dynamics that satisfy
such structural assumptions.

3.2. Multi-layer Cascaded Dynamics

The first layered control architecture we consider is the
two-layer cascaded control system:

q̇ =f0(q) + g0(q)ξ

ξ̇ =f1(q, ξ) + g1(q, ξ)u.
(29)

where q ∈ Rn represents the state of the top layer, ξ ∈ Rp
represents the states of the bottom layer, u ∈ Rm is the
control input, and f0 : Rn → Rn, g0 : Rn → Rn×p,
f1 : Rn × Rp → Rp, g1 : Rn × Rp → Rp×m are locally
Lipschitz mappings capturing the dynamics of the multi-
layered system. For many physical systems of interest, q
may represent the system’s position/configuration and ξ
is the system’s velocity, implying the top-layer dynamics:

q̇ = f0(q) + g0(q)ξ (30)
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capture the kinematics of the system. Note that by defin-
ing x := (q, ξ) ∈ Rn × Rp = RN , we may write (29) in
standard control affine form:[

q̇

ξ̇

]
︸︷︷︸
ẋ

=

[
f0(q) + g0(q)ξ

f1(q, ξ),

]
︸ ︷︷ ︸

f(x)

+

[
0

g1(q, ξ)

]
︸ ︷︷ ︸

g(x)

u, (31)

cf. (28). Here, we view (30) as a ROM, with state q and
control input ξ, for the multi-layered system (29) with the
ultimate objective of building a CBF for the corresponding
control affine system (31) from a CBF for the ROM (30).

For ease of exposition, most of our discussion will focus
on cascaded dynamics with two-layers as in (29); however,
the approaches we discuss are also applicable to more gen-
eral multi-layer systems:

q̇ =f0(q) + g0(q)ξ1

ξ̇1 =f1(q, ξ1) + g1(q, ξ1)ξ2

ξ̇2 =f2(q, ξ1, ξ2) + g2(q, ξ1, ξ2)ξ3

...

ξ̇r =fr(q, ξ1, ξ2, . . . , ξr) + gr(q, ξ1, ξ2, . . . , ξr)u,

(32)

with an arbitrary number of layers r ∈ N. In traditional
control-theoretic literature, such systems are said to be
in strict feedback form and can also be put into general
control affine form (9) with state x = (q, ξ1, . . . , ξr) as:
q̇

ξ̇1
...

ξ̇r


︸ ︷︷ ︸

ẋ

=


f0(q) + g0(q)ξ1

f1(q, ξ1) + g1(q, ξ1)ξ2
...

fr(q, ξ1, ξ2, . . . , ξr)


︸ ︷︷ ︸

f(x)

+


0
0
...

gr(q, ξ1, ξ2, . . . , ξr)


︸ ︷︷ ︸

g(x)

u.

3.3. Robotic Systems

A particularly relevant class of systems whose dynamics
exhibit a layered structure is mechanical systems, which
can be used to model the majority of robotic systems. To
introduce the dynamics of such systems, let q ∈ Q denote
the generalized configuration of a mechanical system with
n degrees of freedom, where Q ⊆ Rn is the configuration
manifold. The dynamics of such systems are modeled us-
ing the Euler-Lagrange equations:

D(q)q̈+C(q, q̇)q̇+G(q) = Bu, (33)

where q̇ ∈ TqQ is the generalized velocity, D(q) ∈ Rn×n is
the positive definite inertia matrix, C(q, q̇) ∈ Rn×n is the
Coriolis matrix, G(q) ∈ Rn represents gravitational and
other potential effects, and B ∈ Rn×m is the actuation
matrix. By defining x = (q, q̇) ∈ TQ ⊆ R2n, the above
dynamics may be cast in control affine form (9) as:[
q̇
q̈

]
︸︷︷︸
ẋ

=

[
q̇

−D(q)−1
(
C(q, q̇)q̇+G(q)

)]
︸ ︷︷ ︸

f(x)

+

[
0

D(q)−1B

]
︸ ︷︷ ︸

g(x)

u.

(34)

When m = n and B is invertible, the robotic system (33)
is said to be fully actuated, otherwise it is said to be un-
deractuated. The dynamics in (33) are also a special case
of the two-layer cascaded system in (29), which can be
recovered by defining:

f0(q) =0, f1(q, q̇) = −D(q)−1
(
C(q, q̇)q̇+G(q)

)
,

g0(q) =I, g1(q, q̇) = D(q)−1B,

which implies that the ROM for the full-order robotic sys-
tem (33) takes the form of a single integrator:

q̇ = ξ, (35)

where the generalized velocity is viewed as a control input.
Although the structure of (33) dictates that its ROM

is a single integrator, one may also employ more gen-
eral ROMs. In particular, one may consider more general
ROMs for (33) of the form:

q̇ = f0(q) + g0(q)ξ, (36)

with control input ξ ∈ Rp, where f0 : Rn → Rn and
g0 : Rn → Rn×p capture the dynamics of the ROM. For
example, (36) may be used to represent unicycle-like dy-
namics: ẋẏ

θ̇


︸︷︷︸

q̇

=

cos(θ) 0
sin(θ) 0

0 1


︸ ︷︷ ︸

g0(q)

[
v
ω

]
︸︷︷︸
ξ

,

where (x, y) ∈ R2 denotes planar position, θ ∈ [0, 2π)
heading, v ∈ R forward velocity, and ω ∈ R angular ve-
locity. For ease of exposition, our presentation regarding
robotic systems will focus on the single integrator ROM,
and we will indicate how various results can be modified to
account for more general ROMs, such as those described
by (36).

4. Safe Backstepping

Backstepping is a recursive control design tool that has
demonstrated success in constructing control Lyapunov
functions (CLFs) [94, 53] for nonlinear systems that pos-
sess a layered structure (29). The main idea behind back-
stepping is to treat the states of lower layers as “virtual”
control inputs to the top layer, and then design a virtual
controller for the top layer that would accomplish the given
control objective. However, as this controller is only “vir-
tual,” in the sense that it cannot be directly applied to
the top layer, one must “backstep” through the dynam-
ics to reach the actual control input. This backstepping
process often requires differentiating through the virtual
controllers designed at intermediate layers until the origi-
nal input is reached. Once this input is reached, the con-
trol objective reduces to enforcing convergence of the bot-
tom layer states to the aforementioned virtual controller,
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which, ultimately, leads to the satisfaction of the original
control objective. As this procedure implies the existence
of a controller satisfying the control objective for the over-
all system, this enables the construction of a certificate
function, such as a CLF, that certifies the ability of the
system to complete the given control objective. Thus,
backstepping may be interpreted as a procedure to gen-
erate a certificate function for a potentially complex high-
dimensional system from a certificate function for a much
simpler lower-dimensional system.

In principle, there is nothing preventing one from apply-
ing a similar methodology to safety-critical control, rather
than stabilization. Yet, backstepping has only recently
been explored in the context of CBFs [54] despite the fact
that CBFs, in their modern form, have existed for almost a
decade [1, 2]. The reason, perhaps, for this delayed adop-
tion of backstepping in the context of CBFs may be due to
the emphasis in the CBF literature on optimization-based
controllers, which are generally nonsmooth. Other reasons
may be the development of viable alternatives, such as ex-
tended CBFs [44, 95, 45], that construct CBF-like func-
tions for high-dimensional systems. In the remainder of
this section, we demonstrate how recent results on smooth
CBF-based controllers [92, 79], such as those outlined in
Sec. 2.5, provide a pathway towards the development of
CBF backstepping and illustrate the advantages of such
an approach over existing methods that construct CBFs
for high-order systems.

4.1. Backstepping with Control Barrier Functions

Now we revisit backstepping in the context of safety-
critical control with CBFs [54]. As a first step, we consider
the top layer in (30) as a ROM, where ξ – the state of the
bottom layer – is viewed as a “virtual” control input to
the top layer. We wish to design this input to render:

C0 := {q ∈ Rn : h0(q) ≥ 0}, (37)

for some continuously differentiable h0 : Rn → R, forward
invariant for the top layer. To this end, we assume that
h0 is a CBF for this ROM in the sense that:

sup
ξ∈Rp

{
Lf0h0(q) + Lg0h0(q)ξ

}
> −α(h0(q)),

for all q ∈ Rn for some α ∈ Ke∞. Provided f0, g0, h0, and
α are smooth, Theorem 6 then implies the existence of a
smooth controller k0 : Rn → Rp satisfying:

Lf0h0(q) + Lg0
h0(q)k0(q) > −α(h0(q)), (38)

for all q ∈ Rn. This controller may be designed, for ex-
ample, using the formulas in (25) and (26). The interpre-
tation of (38) is that setting ξ = k0(q) would ensure the
forward invariance of C0 for the top-level dynamics if we
could directly control ξ.

As we cannot directly control ξ, however, we must back-
step through k0 to determine the inputs u that drive ξ to

k0(q). Hence, the problem of constructing a CBF for the
full-order system is reduced to that of tracking the out-
put of the ROM. For the full-order dynamics in (29), we
leverage k0 to propose the CBF candidate:

h(q, ξ) := h0(q)−
1

2µ
∥ξ − k0(q)∥2, (39)

with parameter µ ∈ R>0, which is used to define the safe
set for the full-order system:

C = {(q, ξ) ∈ Rn+p : h(q, ξ) ≥ 0}. (40)

Importantly, note that (q, ξ) ∈ C implies q ∈ C0 since
h0(q) ≥ h(q, ξ) for all (q, ξ) ∈ Rn+p. Therefore, render-
ing C forward invariant for the full-order dynamics ensures
that q(t) ∈ C0 for all t ∈ I(q0, ξ0).
To determine if the candidate CBF in (39) is indeed

a CBF for the full-order dynamics in (29) with state
x = (q, ξ), we recall from Lemma 2 that one need only
to consider the system behavior when Lgh(x) = 0. To
this end, we compute:

∇h(x) =
[
∇h0(q) + 1

µ
∂k0

∂q (q)⊤(ξ − k0(q))

− 1
µ (ξ − k0(q)),

]
and

Lgh(x) = − 1

µ
(ξ − k0(q))

⊤g1(q, ξ),

noting that, if g1(q, ξ) is pseudo-invertible for all (q, ξ) ∈
Rn+p, then:

Lgh(x) = 0 =⇒ ξ − k0(q) = 0 =⇒ h(x) = h0(q).

Thus, when Lgh(x) = 0, we have:

Lfh(x) =Lf0h0(q) + Lg0
h0(q)ξ

=Lf0h0(q) + Lg0
h0(q)k0(q)

>− α(h0(q))

=− α(h(x)),

which implies that h is a CBF for the full-order dynamics
by Lemma 2. This is formalized via the following theo-
rem, which captures the main result with regard to CBF
backstepping.

Theorem 7 ([54]). Consider the two-layer dynamics in
(29), the constraint set C0 ⊂ Rn in (37), and suppose there
exists a continuously differentiable controller k0 : Rn →
Rp and α ∈ Ke

∞ satisfying (38). If g1(q, ξ) is pseudo-
invertible for all (q, ξ) ∈ Rn+p, then h : Rn × Rp → R
as defined in (39) is a CBF for the corresponding control
affine system (31) on the set C ⊂ Rn × Rp as in (40).

The preceding theorem facilitates the construction of
CBFs for high-dimensional nonlinear systems that exhibit
a layered structure as in (29). Although these construc-
tions have been presented for the special case of a two-
layered system, similar to Lyapunov backstepping [53],
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this approach may be recursively used to construct a CBF
for a system with an arbitrary number r ∈ N of layers [54]
as defined in (32). The following examples illustrate the
steps needed to construct a CBF using backstepping on
the double integrator from Example 2.

Example 3 (Double integrator). Consider a one-
dimensional double integrator with dynamics of the
form (29), where q = x ∈ R represents the position and
ξ = v ∈ R represents velocity, while x = (x, v) is the
full-order state. Let the objective of designing a feedback
controller be to keep the system’s position x in the
interval [−1, 1] ⊂ R. This objective can be formalized by
requiring the system’s position to remain in the set:

C0 = {x ∈ R : h0(x) = 1− x2 ≥ 0}.

Recall from Example 2, however, that this function may
not serve as a CBF for the full-order system (31) since,
with h(x) = h0(x), we have Lgh(x) = 0.
To remedy this, we take a backstepping-based approach,

where we view the top-layer dynamics:

ẋ = 0︸︷︷︸
f0(x)

+ 1︸︷︷︸
g0(x)

×v

as a ROM with control input v. To check if h0 is a CBF
for the ROM, we compute:

Lg0h0(x) = −2x,

so that when Lg0h0(x) = 0, we have x = 0 and:

Lf0h0(x) + α(h0(x)) = α(1− x2) = α(1) > 0.

Hence, by Lemma 2, h0 is a CBF for the ROM for any
α ∈ Ke

∞, which for simplicity, we take as α(s) = s. As
h0 is a CBF for the ROM, then, by Theorem 6, there
exists a smooth controller k0 : R → R satisfying (38).
Furthermore, since g1(x, v) = 1 is invertible, the function:

h(x) = h(x, v) = h0(x)−
1

2µ

(
v − k0(x)

)2
,

is a CBF for the full-order dynamics on the set:

C = {(x, v) ∈ R2 : h(x, v) ≥ 0}, (41)

by Theorem 7.
This safe set is illustrated for different values of µ in

Fig. 3, where the smooth controller k0 is defined as in
(25) with λ chosen as the Softplus universal formula (26)
with σ = 0.1 and kd(x) = 0. Note that as µ is increased,
the safe set C approaches the original constraint set C0 at
the cost of including larger velocities, which may require
compensation with larger control efforts.

Example 4 (Obstacle avoidance [54]). We now con-
tinue Example 2 but present the details of constructing
a CBF for an obstacle avoidance problem, which is used
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Figure 3: Safe set constructed for the one-dimensional double inte-
grator via backstepping. Here, the colored curves represent the zero
level set of h as defined in (39) for various µ, where k0 is constructed
using the Softplus universal formula from (26) with σ = 0.1. Note
that as µ is increased the resulting safe set approaches the original
constraint set C0 from (37).

as an opportunity to illustrate the effect of the smooth
safety filter on the corresponding CBF. This example was
previously presented in the context of safe backstepping
in [54]. As demonstrated in Example 2, any function that
depends only on position is not a CBF for the double in-
tegrator. Yet, by viewing a single integrator q̇ = ξ as a
reduced-order representation of the full-order double inte-
grator dynamics, we may still design a controller that uses
a CBF constructed from the function characterizing the
distance to the obstacle:

h0(q) =
1

2

(
∥q− qo∥2 −R2

o

)
,

where qo ∈ R2 is the obstacle’s center and Ro ∈ R>0 is its
radius, which is a valid CBF for the single integrator.

To construct a CBF for the double integrator from its
reduced-order single integrator model, we leverage the safe
backstepping approach outlined in this section. First, we
construct a smooth safety filter k0 : R2 → R2 for the
single integrator via (25), where λ is chosen as the Gaus-
sian smooth universal formula (26) and α(s) = s, which
filters out unsafe controls from the desired reduced-order
controller k0,d(q) := Kp(qg − q), where qg ∈ R2 is a goal
location and Kp ∈ R>0 is a gain. This smooth safety filter
is then used to construct a CBF for the double integra-
tor using (39) with µ = 1. Finally, the CBF is used to
synthesize a QP-based safety filter k : R4 → R2 for the
full-order system using (13).

The results of this procedure are displayed in Fig. 4 that
is repeated from [54]. Simulations are shown for various
choices of σ in the smooth universal formula (26). Note
that as σ approaches zero, the behavior of the smooth
safety filter approaches that of a QP controller, where λ
depends on the ReLU activation function, leading to less
smooth control signals.
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Figure 4: Results of the double integrator obstacle avoidance scenario
from Example 4. (a) The trajectories of the double integrator’s posi-
tion, (b) its velocities, (c) the values of the safety constraint h0 along
the system’s trajectory, and (d) the norm of the control input over
time. This figure has been adapted from [54].

4.2. Comparison to Extended Control Barrier Functions

Control barrier backstepping may be interpreted as a
systematic methodology to construct a CBF for a high-
dimensional system from a high relative degree safety con-
straint h0(q) ≥ 0 that depends only on the states of the
top layer, the end result of which is a relative degree one
CBF h(q, ξ1, . . . , ξr) for a higher dimensional control sys-
tem. The construction of this CBF requires only a CBF for
the top layer of (32) and a few controllability assumptions,
namely that each gi for i ∈ {1, . . . , r} is pseudo-invertible.

This approach is similar in spirit to other high-order
CBF techniques that build a relative degree one CBF-
like function from a high relative degree safety constraint
h0(q) ≥ 0 defining a set C0 ⊂ Rn as in (37), but have
important technical differences as we discuss next. Such
approaches are typically predicated on constructing an ex-
tended CBF (also referred to as an exponential [44] or high
order [95, 45] CBF) by computing the derivative of h0
along the system vector fields until the control input ap-
pears, reminiscent of classical input-output linearization.
For example, when considering the two-layer cascaded sys-
tem (29), h0 has relative degree two, thus one computes:

h(x) = Lf0h0(q) + Lg0
h0(q)ξ + α0h0(q), (42)

where α0 ∈ R>0 and x = (q, ξ), as an extended CBF
candidate, which now has relative degree one and defines
a set C ⊂ Rn × Rp as its zero superlevel set.
Note, however, that unlike the backstepping-based ap-

proach, Ĉ0 = C0 × Rp is not a subset of C and one must
instead consider the intersection Ĉ0 ∩ C ⊂ Rn × Rp as the

candidate safe set of interest. To guarantee safety, this
extended CBF must then satisfy:

sup
u∈Rm

{
Lfh(x) + Lgh(x)u

}
> −α(h(x)), (43)

for all x ∈ Ĉ0 ∩ C for some α ∈ Ke∞, which can be used to
develop feedback controllers enforcing forward invariance
of Ĉ0∩C. Similar to CBFs, the satisfaction of (43) can also
be verified by checking that Lfh(x) > −α(h(x)) whenever
Lgh(x) = 0. Unfortunately, as illustrated in the following
example [48, 22], an extended CBF satisfying (43) may
not exist even for relatively simple safety constraints.

Example 5 ([22]). We now consider the same system
and safety constraint h0 and corresponding constraint set
C0 as in Example 3, but attempt to construct a safe set
using an extended CBF rather than using backstepping.
Since h0 has relative degree larger than one based on Ex-
ample 2, we calculate the extended CBF candidate in (42):

h(x) = −2xv + α0 − α0x
2,

which defines a set C as its zero superlevel set, and a can-
didate safe set as Ĉ0 ∩C with Ĉ0 = C0 × R. This candidate
safe set for different choices of α0 is illustrated in Fig. 5.
Similar to Example 3, one may force Ĉ0 ∩C closer to Ĉ0 by
increasing α0.

To check if h satisfies the criteria in (43) for all
x ∈ Ĉ0 ∩ C, we must ensure that Lfh(x) + α(h(x)) > 0
whenever Lgh(x) = 0. To this end, we compute:

Lgh(x) =
[
−2v − 2α0x −2x

]︸ ︷︷ ︸
∇h(x)⊤

[
0
1

]
︸︷︷︸
g(x)

= −2x,

noting that Lgh(x) = 0 implies x = 0. Hence, when
Lgh(x) = 0, we also have:

Lfh(x)+α(h(x)) = −2v2+α(α0),

implying (43) only holds at points such that:

v2 <
α(α0)

2
.

That is, when x = 0, (43) only holds provided the magni-
tude of the velocity is bounded above by a function of α0

and α. In practice, one may tune α0 and α so that (43)
is only violated for arbitrarily large velocities, yet, such
points will still be contained in Ĉ0 ∩ C (see Fig. 5), imply-
ing (43) does not hold for all x ∈ Ĉ0∩C and, consequently,
that h is not an extended CBF.

The previous example demonstrates that one must take
care when using the extended CBF methodology, as seem-
ingly benign safety constraints may generate a function
that cannot serve as an extended CBF no matter the choice
of extended class K∞ functions. The consequence of this
is that controllers synthesized from such invalid extended
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Figure 5: Safe set constructed for the one-dimensional double inte-
grator using the extended CBF approach. Here, the colored curves
represent the boundary of Ĉ0∩C for different choices of α0, the black
lines denote the boundary of Ĉ0, and the transparent curves of corre-
sponding color denote the boundary of C for different choices of α0.

CBFs may not be well-defined even in the case when the
control input is unconstrained. In contrast, the backstep-
ping methodology outlined above produces, by construc-
tion, a relative degree one function that is guaranteed to
be a CBF for the full-order system. The price to pay for
this correct-by-construction approach is that it requires
the full-order dynamics to exhibit a particular cascaded
structure. In the following subsection, we extend this ap-
proach to a more general class of cascaded systems.

4.3. Mixed Relative Degree Backstepping

Another advantage of CBF backstepping over existing
high order CBF approaches is the ability to handle layered
systems with a mixed relative degree – that is, systems
where inputs may enter not only at the bottom layer as in
(32), but also at intermediate layers. Such mixed relative
degree systems with two layers take the form:

q̇ =f0(q) + gξ
0(q)ξ + gu

0 (q)u0

ξ̇ =f1(q, ξ) + gu
1 (q, ξ)u1,

(44)

where x = (q, ξ) ∈ Rn × Rp is the system state, u =
(u0,u1) ∈ Rm0 ×Rm1 is the control input, and f0 : Rn →
Rn, gξ

0 : Rn → Rn×p, gu
0 : Rn → Rn×m0 , f1 : Rn×Rp →

Rp, gu
1 : Rn × Rp → Rp×m1 characterize the dynamics.

Similar to the previous layered architecture, this system
admits a control affine representation (9) as:[

q̇

ξ̇

]
︸︷︷︸
ẋ

=

[
f0(q) + gξ

0(q)ξ
f1(q, ξ)

]
︸ ︷︷ ︸

f(x)

+

[
gu
0 (q) 0
0 gu

1 (q, ξ)

]
︸ ︷︷ ︸

g(x)

[
u0

u1

]
︸ ︷︷ ︸

u

.

(45)
For this system, we consider a function h0 : Rn → R on

the top layer states defining a constraint set C0 ⊂ Rn as in
(37). The mixed relative degree characterization of (44)
follows from the fact that the safety constraint h0 may have
different relative degrees with respect to different compo-
nents of the control vector u = (u0,u1). To address this

challenge, we suppose the existence of smooth feedback
controllers kξ

0 : Rn → Rp, ku
0 : Rn → Rm and α ∈ Ke

∞
satisfying:

Lf0h0(q)+Lgξ
0
h0(q)k

ξ
0(q)+Lgu

0
h0(q)k

u
0 (q) > −α(h0(q)),

(46)
for all q ∈ Rn. With the above condition, we propose the
CBF candidate [54]:

h(q, ξ) = h0(q)−
1

2µ
∥ξ − kξ

0(q)∥2, (47)

which is used to define a candidate safe set C as in (40).
Once again, note that (q, ξ) ∈ C implies q ∈ C0 since
h0(q) ≥ h(q, ξ) for all (q, ξ) ∈ Rn × Rp. With these con-
ditions, we may state the following result formalizing the
construction of CBFs for mixed relative degree systems.

Theorem 8 ([54]). Consider the dynamics in (44), the
set C0 ⊂ Rn in (37), and suppose there exist smooth feed-

back controllers kξ
0 : Rn → Rp, ku

0 : Rn → Rm and α ∈
Ke

∞ satisfying (46). If gu1 (q, ξ) is pseudo-invertible for all
(q, ξ) ∈ Rn+p, then h : Rn × Rp → R as defined in (47)
is a CBF for the corresponding control affine system (45)
on the set C ⊂ Rn × Rp as in (40).

The proof of this theorem largely follows the same proce-
dure as that of Theorem 7 and is provided in the Appendix
for completeness. Similar to (32), one may recursively ap-
ply Theorem 8 to construct CBFs for mixed relative degree
systems with an arbitrary number of layers:

q̇ =f0(q) + gξ
0(q)ξ1 + gu

0 (q)u0

ξ̇1 =f1(q, ξ1) + gξ
1(q, ξ1)ξ2 + gu

1 (q, ξ1)u1

...

ξ̇r =fr(q, ξ1, . . . , ξr) + gu
r (q, ξ1, . . . , ξr)ur.

(48)

Example 6 (Unicycle [54]). A classic example of a
mixed-relative degree system is the unicycle:

ẋ =v cos(ψ)

ẏ =v sin(ψ)

ψ̇ =ω,

where (x, y) ∈ R2 denote planar position, ψ ∈ R the head-
ing angle, v ∈ R the linear velocity, and ω ∈ R the angular
velocity. Here, the state is x := (x, y, ψ) while the con-
trol input is u := (v, ω) = (u0, u1). As written, the above
dynamics are not in the form of (44), but can be trans-
formed into such a system with a few modifications. First,
we define:

q :=

[
x
y

]
=

[
q1
q2

]
, ξ :=

[
cos(ψ)
sin(ψ)

]
=

[
ξ1
ξ2

]
,

which implies that:

q̇ = ξu0 =: v,

ξ̇ =

[
−ξ2
ξ1

]
u1.
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where v denotes the planar velocity vector. Note that, as
opposed to (44), the first equation is not affine w.r.t. (ξ, u0)
but is affine in v. Thus we conduct backstepping by view-
ing the single integrator with input v as a reduced-order
model for the unicycle, and by converting v to (ξ, u0).
Our control objective for this system is the same as that

in Example 4: we wish to design a controller that enforces
convergence of the position to a goal location while avoid-
ing an obstacle. This obstacle avoidance task can be cap-
tured using the same safety constraint h0 as in Example 4.
We then synthesize a smooth safety filter k0 : R2 → R2 for
the single integrator using the same approach as in Exam-
ple 4, which outputs safe velocity commands v = k0(q).
To use such commands in backstepping, we decompose
v = k0(q) into ξ = kξ

0(q) and u0 = ku0 (q) as:

k0(q) =
k0(q)

∥k0(q)∥︸ ︷︷ ︸
kξ
0(q)

∥k0(q)∥︸ ︷︷ ︸
ku0 (q)

,

which is valid so long as k0(q) ̸= 0. Then the desired

value kξ
0(q) of ξ is used to construct a CBF for the full-

order system as in (47). This CBF is subsequently used
to synthesize a safety filter k : R3 → R2 for the unicycle
equipped with the desired controller:

kd(x) =

[
Kp∥q− qg∥

−Kψ

(
sin(ψ)− sin(ψ0(q))

)] ,
where Kp,Kψ ∈ R>0 are gains and ψ0 : R2 → R, defined
by kξ

0(q) =
[
cos(ψ0(q)) sin(ψ0(q))

]⊤
, computes the de-

sired heading angle. The results of applying such a con-
troller u = k(x) to the unicycle are provided in Fig. 6,
where all extended class K∞ functions involved are chosen
as the identity function.

5. Constructive Safety for Robotic Systems

We now turn our attention to a special case of the cas-
caded control systems considered in the previous section
– robotic systems with dynamics in (33). These dynamics
comply with the structure outlined in Sec. 4, implying the
developed backstepping results may be applied to (33) by
converting such systems into the form of (29) as detailed
in Sec. 3. However, given the relevance of CBFs in the
context of robotics, and the fact that (33) possess certain
structural properties that further facilitate the construc-
tion of CBFs, we outline in this section how the previous
developments may be specialized to robotic systems.
As in the previous section, we wish to design a feedback

controller for the full-order system that keeps the system
inside a subset of the configuration space:

C0 := {q ∈ Q : h0(q) ≥ 0}, (49)

where h0 : Q → R is a continuously differentiable configu-
ration constraint. Although we wish to keep the configura-
tion in C0, such an objective may not be possible without
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Figure 6: Simulation results for the unicycle from Example 6. Each
plot has a similar interpretation to those in Fig. 4. This figure has
been adapted from [54].

taking into account the full-order dynamics (33). That is,
similar to Example 2, C0 is unlikely to be a controlled in-
variant set for (33) since for h(x) = h0(q) we would have:

Lgh(x) =
[
∇h0(q)⊤ 0

] [ 0
D(q)−1B

]
= 0,

for all x ∈ TQ. In what follows, we outline various ap-
proaches to construct CBFs for the full-order dynamics
(33) from the configuration constraint (49) under different
assumptions regarding the system’s actuation capability.

5.1. Safe Backstepping for Robotic Systems

To remedy that h0 is not a CBF, we first follow the
backstepping-based approach outlined in the previous sec-
tion, where we suppose the existence of a continuously
differentiable controller k0 : Q → Rn satisfying:

∇h0(q) · k0(q) > −α(h0(q)), (50)

for all q ∈ Q. Similar to Sec. 4, we think of (35) as a
reduced-order model for the full-order system (33) with
input ξ ∈ Rn and k0 representing a controller we would
apply to the reduced-order dynamics if we could simply
set q̇ = k0(q). Thus, k0 may be interpreted as a desired
velocity that we wish the full-order system to track. This
controller is used to construct the energy-based CBF can-
didate:

h(q, q̇) = h0(q)−
1

µ
V (q, q̇), (51)

where µ ∈ R>0 and:

V (q, q̇) :=
1

2
(q̇− k0(q))

⊤D(q)(q̇− k0(q)), (52)
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whose form is inspired by that of the system’s kinetic en-
ergy. This energy-based CBF candidate defines:

C := {(q, q̇) ∈ TQ : h(q, q̇) ≥ 0}, (53)

as a candidate safe set, which ensures that q ∈ C0 whenever
(q, q̇) ∈ C since h0(q) ≥ h(q, q̇) for all (q, q̇) ∈ TQ. Ver-
ifying this CBF candidate requires checking the behavior
of ḣ when Lgh(x) = 0, where g : TQ → Rn×m is defined
as in (34) and x = (q, q̇). To this end, we compute:

∂h

∂q̇
(q, q̇) = − 1

µ
(q̇− k0(q))

⊤D(q),

noting that:

Lgh(x) =
[
∂h
∂q (q, q̇)

∂h
∂q̇ (q, q̇)

]
︸ ︷︷ ︸

∇h(x)⊤

[
0

D(q)−1B

]
︸ ︷︷ ︸

g(x)

=− 1

µ
(q̇− k0(q))

⊤B.

Thus, when (33) is fully actuated, we have:

Lgh(x) = 0 =⇒ q̇− k0(q) = 0 =⇒ h(q, q̇) = h0(q),

so that, when Lgh(x) = 0, we have:

Lfh(x) = ∇h0(q) · q̇ = ∇h0(q) · k0(q) >− α(h0(q))

=− α(h(q, q̇)),

which implies that h is a CBF for the corresponding control
affine dynamics (34) by Lemma 2. The preceding discus-
sion is formalized in the following lemma.

Lemma 4. Consider system (33), a configuration con-
straint h0 : Q → R defining a set C0 ⊂ Q as in (49), and
suppose there exists a continuously differentiable function
k0 : Q → R satisfying (50). If (33) is fully actuated, then
h : TQ → R as in (51) is a CBF for the corresponding
control affine system (34) on C ⊂ TQ as in (53).

Remark 4. The preceding result can also be applied to
reduced-order models other than the single integrator in
(35), such as the general control affine ROM in (36). To
construct a CBF for (33) from this reduced-order model,
however, one must modify (50) to:

∇h0(q) · (f0(q) + g0(q)k0(q)︸ ︷︷ ︸
=:f0,cl(q)

) > −α(h0(q)),

and (52) to:

V (q, q̇) =
1

2
(q̇− f0,cl(q))

⊤D(q)(q̇− f0,cl(q)).

Example 7 (Double pendulum). To illustrate the sys-
tematic construction of CBFs for robotic systems, we ap-
ply the results of this subsection to a fully actuated dou-
ble pendulum with configuration q = (θ1, θ2) denoting the
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Figure 7: Simulation results corresponding to the double pendulum
from Example 7. The left plot illustrates the evolution of the pendu-
lum in Cartesian space, where the red lines denote the boundary of
the configuration constraint set, while the right plot illustrates the
value of the configuration constraint along the system’s trajectory.

angular position of the first θ1 and second θ2 link. Our ob-
jective is to design a feedback controller that keeps the x-
component of Cartesian position (x, y) of the pendulum’s
tip within a certain range |x| ≤ x̄. To this end, we first de-
fine p : Q → R2 associating to each configuration q ∈ Q
the Cartesian position of the pendulum’s tip as:

p(q) = l1

[
sin(θ1)

− cos(θ1)

]
+ l2

[
sin(θ1 + θ2)

− cos(θ1 + θ2)

]
=

[
x
y

]
.

Denoting by px(q) = x, we propose:

h0(q) = x̄2 − px(q)
2,

as a configuration constraint defining the configuration
constraint set C0 ⊂ Q as in (49), which we use as a CBF to
define a smooth safety filter k0 : Q → R2 as in (25) for the
single integrator reduced-order model (35) using the Soft-
plus universal formula (26) with σ = 0.1 and α(s) = s.
This system is fully actuated, hence:

h(q, q̇) = h0(q)−
1

2µ
(q̇− k0(q))

⊤D(q)(q̇− k0(q)),

is a CBF for the full-order dynamics (34) by Lemma 4.
This CBF is then used to construct a QP-based safety filter
(13) for the corresponding control affine system (34) and
nominal controller kd(q, q̇) = −q̇ that adds damping to
the system. To demonstrate the effectiveness of this CBF,
we simulate the system from an upright position with the
objective of bringing the pendulum to a downward position
while keeping the pendulum within the safe set, the results
of which are provided in Fig. 7. Note that the pendulum
initially falls towards the boundary of the safe set, stops
itself before crossing the boundary, and then allows the tip
of the pendulum to slide along the boundary of the safe
set until reaching a downward position.

5.2. Energy-based Control Barrier Functions

At this point, one could directly use h from (51) as a
CBF for the control affine representation of the robot dy-
namics (34); however, such an approach presents certain
limitations. In particular, such an approach requires com-
puting the vector fields f and g in (34), requiring inversions
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of the inertia matrix D, which may be costly for high-
dimensional robotic systems. In what follows, we demon-
strate how one may directly leverage (33) without first
converting such dynamics into control affine form to com-
pute controllers enforcing safety. Such constructions are
facilitated by the formal notion of an energy-based CBF.

Definition 9. The continuously differentiable function
h : TQ → R defined as in (51) that defines a set C ⊂ TQ
as in (53) is said to be an energy-based control barrier func-
tion for (33) on C if there exists α ∈ Ke∞ such that for all
(q, q̇) ∈ TQ

sup
u∈Rm

{
1

µ
(q̇− k0(q))

⊤
[
D(q)

∂k0

∂q
(q)q̇+C(q, q̇)k0(q)

+G(q)−Bu

]
+∇h0(q) · q̇

}
> −α(h(q, q̇)).

By defining:

a(q, q̇) :=∇h0(q) · q̇+
1

µ
(q̇− k0(q))

⊤
[
D(q)

∂k0

∂q
(q)q̇

+C(q, q̇)k0(q) +G(q)

]
+ α(h(q, q̇)),

b(q, q̇) :=
1

µ2
∥(q̇− k0(q))

⊤B∥2,
(54)

the validity of an energy-based CBF candidate may be
assessed using the same approach as for standard CBFs.
Namely, h is an energy-based CBF provided that:

b(q, q̇) = 0 =⇒ a(q, q̇) > 0.

When k0 : Q → Rn and α ∈ Ke∞ satisfy (50), and (33) is
fully actuated, the above condition holds since:

b(q, q̇) = 0 =⇒ (q̇− k0(q))
⊤B = 0 =⇒ q̇ = k0(q),

so that when b(q, q̇) = 0, we have:

a(q, q̇) =∇h0(q) · q̇+ α(h(q, q̇))

=∇h0(q) · k0(q) + α(h0(q)) > 0,

where the second equality follows from q̇ = k0(q) and the
inequality from (50). With the above calculations, we have
the following result regarding the construction of energy-
based CBFs.

Lemma 5. Let the assumptions of Lemma 4 hold. Then,
h : TQ → R as defined in (51) is an energy-based CBF
for (33) on the set C ⊂ TQ as defined in (53).

Although the above result formalizes the construction
of energy-based CBFs, we have yet to show that they may
be used to synthesize controllers enforcing safety. The fol-
lowing theorem shows that this is indeed the case.

Theorem 9. If h : TQ → R is an energy-based CBF for
(33) on a set C ⊂ TQ as in (5), the any locally Lipschitz
controller k : TQ → Rm satisfying:

1

µ
(q̇− k0(q))

⊤
[
D(q)

∂k0

∂q
(q)q̇+C(q, q̇)k0(q)

+G(q)−Bk(q, q̇)

]
+∇h0(q) · q̇ ≥ −α(h(q, q̇)),

(55)

for all (q, q̇) ∈ TQ renders C forward invariant for the
closed-loop system (33) with u = k(q, q̇).

The proof of this result, presented in the Appendix, ex-
ploits the following property of robotic systems in (33).

Property 1. The inertia and Coriolis matrices in (33)
satisfy the skew-symmetric property:

v⊤(Ḋ(q, q̇)− 2C(q, q̇))v = 0, (56)

for all (q, q̇) ∈ TQ and any v ∈ Rn.

Once an energy-based CBF has been constructed, a con-
troller satisfying (55) may be synthesized by incorporat-
ing (55) as a constraint into an optimization problem to
instantiate the safety filter:

min
u∈Rm

1

2
∥u− kd(q, q̇)∥2

s.t.
1

µ
(q̇− k0(q))

⊤
[
D(q)

∂k0

∂q
(q)q̇+C(q, q̇)k0(q)

+G(q)−Bu

]
+∇h0(q) · q̇ ≥ −α(h(q, q̇))

(57)
where kd : TQ → Rm is a desired control policy, whose
closed-form solution is given similarly to (15) by:

k(q, q̇) = kd(q, q̇)−
1

µ
λ (a(q, q̇), b(q, q̇))B⊤(q̇− k0(q)),

where a : TQ → R and b : TQ → R are defined as in
(54), and λ : R2 → R is defined with the ReLU activation
function as in (15). This controller no longer contains the
inverse of the inertia matrix D. Another advantage of di-
rectly leveraging the robot dynamics in (33) is that this ap-
proach enables the use of safety-enforcing controllers other
than the QP-based controller in (57). For example, when
α ∈ Ke∞ is Lipschitz continuous with Lipschitz constant
ℓ ∈ R>0 and (33) is fully actuated, one can verify that:

k(q, q̇) =B−1

[
D(q)

∂k0

∂q
(q)q̇+C(q, q̇)k0(q) +G(q)

+ µ∇h0(q)−
γ

2
D(q)(q̇− k0(q))

]
,

(58)
satisfies (55) for any γ ≥ ℓ.

Remark 5. The energy-based CBFs outlined in this sec-
tion are a generalization of those originally introduced in
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[49]. In particular, earlier notions of such CBFs are recov-
ered by taking k0(q) = 0 in (51) to obtain:

h(q, q̇) = h0(q)−
1

2µ
q̇⊤D(q)q̇. (59)

A limitation of the above CBF candidate becomes evident
when verifying if (59) is indeed a CBF via Lemma 2. When
(33) is fully actuated, we have:

Lgh(x) = − 1

µ
q̇⊤B = 0 =⇒ q̇ = 0,

implying that when Lgh(x) = 0, we also have:

Lfh(x) + α(h(x)) =∇h0(q) · q̇+ α(h0(q)) = α(h0(q)),

which is only strictly greater than zero on the interior of
the safe set and is thus not a CBF on any set8 D ⊇ C.
Although, in principle, one may relax the strict inequality
in Def. 5 to a nonstrict one so that (59) may serve as a
CBF on C, the lack of the strict satisfaction of (12) may
lead to controllers that are discontinuous when q̇ = 0.

5.3. Underactuated Robotic Systems

The previous results in this section formalize the con-
struction of CBFs for fully actuated robotic systems and
illustrate that when the control input is unconstrained, it
is always possible to construct a CBF for the full-order
dynamics (33) by simply building a CBF for a reduced-
order model. These results are not surprising given that
fully actuated systems are feedback equivalent to double
integrators – a class of systems for which CBFs can be
readily constructed as detailed in Sec. 4. The construc-
tion of CBFs becomes more challenging when (33) is un-
deractuated; however, under certain assumptions, similar
approaches to those outlined thus far may still be employed
with the help of ideas introduced in [80] (see also [96, Ch.
3]). To introduce these ideas, we rewrite (33) as:

D(q)q̈+H(q, q̇) = Bu, (60)

where D and B are as in (33) and H(q, q̇) := C(q, q̇)q̇+
G(q) collects the Coriolis and gravitational terms from
(33). We now suppose that (60) is underactuated (i.e.,
m < n) and that the configuration can be partitioned into
actuated q1 ∈ Q1 ⊂ Rn1 and passive q2 ∈ Q2 ⊂ Rn2 com-
ponents in the sense that q̈1 may be directly influenced
by the control input while q̈2 may only be indirectly influ-
enced through the evolution of q1. Under this assumption,
we may represent the dynamics as:[

D11(q) D12(q)
D21(q) D22(q)

]
︸ ︷︷ ︸

D(q)

[
q̈1

q̈2

]
︸ ︷︷ ︸

q̈

+

[
H1(q, q̇)
H2(q, q̇)

]
︸ ︷︷ ︸

H(q,q̇)

=

[
B1

0

]
︸ ︷︷ ︸

B

u, (61)

8Recall that although Def. 5 requires (12) to hold for all x ∈ Rn,
one may also require (12) to only hold on a set D containing C.

where D11(q) ∈ Rn1×n1 and D22(q) ∈ Rn2×n2 are uni-
formly positive definite since D is as well. We now sup-
pose that our configuration constraint set C0 ⊂ Q can be
characterized as the zero superlevel set of a continuously
differentiable function h0 : Q → R as in (49) that depends
only on either the actuated or passive components of the
configuration. For example, if our component of interest
is q1 – the actuated component – we assume that:

C0 = {q ∈ Q : h0,1(q1) ≥ 0}, (62)

whereas if our component of interest is q2 – the passive
component – we assume that:

C0 = {q ∈ Q : h0,2(q2) ≥ 0}, (63)

where h0,i : Qi → R, i ∈ {1, 2} is continuously differen-
tiable. Our objective is now to use the decomposition in
(61) to derive a new set of equations that depends only on
the acceleration of one of the components of the configu-
ration, depending on the configuration constraint.

We begin with the simpler situation in which our config-
uration constraint depends on the actuated components of
the configuration. Our objective is to derive an equivalent
representation of (60) that depends only on q̈1. To this
end, we note that since D22(q) is invertible, we may use
the second equation in (61) to solve for q̈2 as:

q̈2 = −D22(q)
−1 [D21(q)q̈1 +H2(q, q̇)] . (64)

This expression may now be substituted back into the first
equation to obtain:

D̄1(q)q̈1 + H̄1(q, q̇) = B1u, (65)

which depends only on q̈1, where

D̄1(q) :=D11(q)−D12(q)D22(q)
−1D21(q),

H̄1(q, q̇) :=H1(q, q̇)−D12(q)D22(q)
−1H2(q, q̇).

Note that D̄1 is simply the Schur complement of D and
is symmetric and positive definite since D is as well [80].
Given the dynamics in (65), we propose the CBF candi-
date:

h(q, q̇) =h0,1(q1)

− 1

2µ
(q̇1 − k0,1(q1))

⊤D̄1(q)(q̇1 − k0,1(q1)),

(66)
where µ ∈ R>0 and k0,1 : Q1 → Rn1 is a continuously
differentiable controller satisfying:

∇h0,1(q1) · k0,1(q1) > −α(h0,1(q1)), (67)

for all q1 ∈ Q1 for some α ∈ Ke∞. This CBF candidate
may be used to define a candidate safe set C ⊂ TQ for
the robotic system as in (53). The following theorem il-
lustrates that this function is a CBF for the control affine
representation of this underactuated robotic system.

20



Theorem 10. Consider system (61) and a configuration
constraint set C0 ⊂ Q as in (62). Provided B1 ∈ Rn1×m is
pseudo-invertible and k0,1 : Q1 → Rn1 satisfies (67), then
the function h : TQ → R as defined in (66) is a CBF for
the corresponding control affine system (34).

A proof of this theorem is provided in the Appendix and
follows a similar argument to the results of Sec. 5.1. Note
that, under the assumption that B1 is pseudo-invertible,
system (65) effectively acts as a fully actuated system since
one may directly command any desired q̈1 to achieve the
control objective, and is reminiscent of the collocated feed-
back linearization method outlined in [80].

The fact that we may construct a CBF for the actuated
subsystem in (61) under similar assumptions to those in
the previous section should not be too surprising. A more
interesting situation, however, arises when our configura-
tion constraint is a function of the passive components of
the configuration as in (63). Under the following condi-
tion, a similar approach to that just introduced may be
used to construct a CBF from a configuration constraint
on the passive components of the configuration.

Definition 10 ([80]). System (61) is said to strongly in-
ertially coupled on a set D ⊂ Q if D21(q) is pseudo-
invertible for all q ∈ D.

Provided the above condition is satisfied, we may rewrite
the first equation in (61) in terms of q̈2 by first solving the
second equation in (61) for q̈1 to obtain:

q̈1 = −D21(q)
†[D22(q)q̈2 +H2(q, q̇)

]
,

where D21(q)
† denotes the pseudo-inverse of D21(q). The

above expression can then be substituted into the first
equation in (61) to obtain:

D̄2(q)q̈2 + H̄2(q, q̇) = B1u, (68)

where

D̄2(q) :=D12(q)−D11(q)D21(q)
†D22(q)

H̄2(q, q̇) :=H1(q, q̇)−D11(q)D21(q)
†H2(q, q̇),

which now depends only on q̈2, and is a valid represen-
tation of (61) on the set where (61) is strongly inertially
coupled. As discussed in [80], D̄2 also has full rank on
the set where the strong inertial coupling condition holds.
Given the dynamics in (68), we propose the CBF candi-
date:

h(q, q̇) =h0,2(q2)−
1

2µ

∥∥D̄2(q)(q̇2 − k0,2(q2))
∥∥2 (69)

where µ ∈ R>0 and k0,2 : Q2 → Rn2 is a continuously
differentiable controller satisfying:

∇h0,2(q2) · k0,2(q2) > −α(h0,2(q2)), (70)

for all q2 ∈ Q2 for some α ∈ Ke∞. As in the previous case,
this CBF candidate may be used to define a candidate safe

set C ⊂ TQ for the robotic system as in (53). Now, under
the additional assumption that (61) is strongly inertially
coupled on C0, Theorem 10 may be extended to construct
a CBF from a configuration constraint that depends on
the passive components of the configuration.

Theorem 11. Consider system (61) and a configuration
constraint set C0 ⊂ Q as in (63). Provided B1 ∈ Rn1×m

is pseudo-invertible, k0,2 : Q2 → Rn2 satisfies (67), and
(61) is strongly inertially coupled on C0, then the function
h : TQ → R as defined in (69) is a CBF for the corre-
sponding control affine system (34).

The above theorem, whose proof follows the same steps as
those in the proof of Theorem 10, is, effectively, an exten-
sion of the non-collocated feedback linearization method
from [80] to safety-critical control. The following exam-
ple illustrates how one may apply these results to a classic
underactuated robotic system.

Example 8 (Cartpole). We now demonstrate the de-
sign of CBFs for underactuated robotic systems using an
example borrowed from [49], which involves designing a
safety-critical controller for the cartpole system as illus-
trated in Fig. 8. The configuration of this system is given
by q = (x, θ), where x ∈ R is the position of the cart and
θ ∈ [0, 2π) the angular position of the pole, and the input
corresponds to a force applied to the cart. The dynamics
are of the form (33) with:

D(q) =

[
mc +mp mpl cos(θ)
mpl cos(θ) mpl

2

]
, B =

[
1
0

]
,

C(q, q̇) =

[
0 −mplθ̇ sin(θ)
0 0

]
, G(q) =

[
0

mpgl sin(θ)

]
where mc ∈ R>0 denotes the mass of the cart, mp ∈ R>0

denotes the mass of the pole, l ∈ R>0 denotes the length
of the pole, and g ∈ R>0 is the acceleration due to gravity.
These dynamics may also be represented as in (61) with x
and θ corresponding to the actuated and passive compo-
nents of the configuration, respectively, implying one may
directly influence ẍ via control inputs, whereas θ̈ may only
be indirectly influenced by actuating the cart. Our control
objective is to constrain the angular position of the pole
to lie within θ ∈ [ 5π6 ,

7π
6 ], which may be expressed as the

safety constraint:

h0(θ) =
(π
6

)2

− (θ − π)2,

where θ = π corresponds to the pole being upright, which
defines a configuration constraint set C0 ⊂ Q as in (63).
As our safety constraint depends only on θ, we attempt
to rewrite the cartpole dynamics as in (68). To do so, we
must ensure that the cartpole dynamics are strongly iner-
tially coupled, at least on C0, which follows from the fact
that D21(q) = mpl cos(θ) is only zero for θ = ±π/2 and
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Figure 8: Results of the cartpole simulation from Example 8. Here,
the left plot displays the evolution of the pole’s position and the
right plot illustrates the evolution of the configuration constraint
along the trajectory of the system, both of which demonstrate the
resulting safe behavior.

is not contained in C0. Hence, we represent the cartpole
dynamics as in (68) for all q ∈ C0 with:

D̄2(q) =mpl cos(θ)−
(mc +mp)mpl

2

mpl cos(θ)

H̄2(q, q̇) =−mplθ̇
2 sin(θ)− (mc +mp)(mpgl sin(θ))

mpl cos(θ)
,

which are valid so long as cos(θ) ̸= 0. With this repre-
sentation of the dynamics, we form our CBF candidate
as in (69), where k0,2 : [0, 2π) → R is constructed us-
ing the Softplus universal formula from Sec. 2.5. Since
the dynamics are strongly inertially coupled on C0 and
B1 = 1 is invertible, the function h from (69) is a CBF for
the control-affine representation of this system (34). This
CBF is used to construct a QP-based safety filter k as in
(13) for the nominal controller:

kd(q, q̇) = −Kθ(θ − θd(t))−Kθ̇ θ̇,

where Kθ,Kθ̇ ∈ R>0 are gains, which attempts to track
a desired trajectory θd : R≥0 → R for the pole’s angular
position. The results of applying this safety filter to the
cartpole are provided in Fig. 8. Note that the desired pole
position lies outside of C0 so that the performance objective
is directly in conflict with the safety objective. Despite
this, and the fact that one cannot directly actuate the
angular position of the pole, safety is guaranteed through
the careful construction of a CBF.

6. Stable Tracking of Safe Reduced Order Models

In the previous sections, we outlined various methodolo-
gies to construct CBFs for high-dimensional systems with

cascaded dynamics. Although these approaches enable the
systematic construction of CBFs for relevant classes of sys-
tems, they are heavily model-dependent in the sense that
one must leverage the full-order dynamics of the system
to compute controllers enforcing safety. In practice, such
models may be imperfect or may be computationally in-
tensive to compute, limiting their use in controllers that
must run in real time. Moreover, in many situations, one
may not even have direct access to the control input for
the full-order system, and may only be able to pass refer-
ence commands to black-box modules within the existing
autonomy stack that compute such control inputs.

In this section, we present a suite of techniques to ad-
dress these aforementioned challenges. Such techniques
are, in a certain sense, a generalization of the ideas intro-
duced thus far and enable the application of these ideas to
more complex systems, but also lead to a fundamentally
different approach to safety-critical control. Our devel-
opments here are facilitated by the realization that the
paradigm of safety-critical control based on ROMs can be
understood as certifying the ability of the full-order system
to track a suitably designed ROM. Earlier, we implicitly
combined a CBF for a ROM with a Lyapunov-like function
to produce a CBF for the overall system. In this section,
we make such an idea more explicit.

The benefit of making this unification of barrier and
Lyapunov functions explicit lies in the ability to decouple
the design of the safety-critical control architecture from
the full-order model. This decoupling leads to a notion
of model-free safety-critical control in the sense that the
safety-critical component of the control architecture may
be designed and implemented independent of the full-order
dynamics. Safety of the full-order dynamics can then be
guaranteed so long as such dynamics track commands gen-
erated by the ROM. The synthesis of such tracking con-
trollers may require knowledge of the full-order dynamics;
however, tracking controllers for many relevant classes of
systems, such as those in robotics, are well established
and may be readily applied within this model-free safety-
critical control paradigm to enforce safety.

6.1. Lyapunov-certified Tracking

To illustrate the ideas introduced earlier in a more gen-
eral context, consider again the two-layered system from
(29), which may also be written in standard control affine
form (9) with state x = (q, ξ) as noted in (31). As we did
earlier, we consider the top-level dynamics:

q̇ = f0(q) + g0(q)ξ,

as a reduced-order representation of the full-order sys-
tem for which we wish to design a smooth controller
k0 : Rn → Rp that would enforce safety of the ROM if its
dynamics were directly controllable. Rather than leverag-
ing k0 to backstep through these dynamics to compute a
safe controller, here we consider the existence of a tracking
controller k : Rn × Rp → Rm that is able drive the state
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ξ to k0(q). Accordingly, we assume that there exists a
Lyapunov function V : Rn × Rp → R≥0 for the full-order
dynamics:

q̇ =f0(q) + g0(q)ξ

ξ̇ =f1(q, ξ) + g1(q, ξ)k(q, ξ),

satisfying:

γ1∥ξ − k0(q)∥2 ≤ V (q, ξ) ≤ γ2∥ξ − k0(q)∥2 (71a)

V̇ (q, ξ) = LfV (x) + LgV (x)k(x) ≤ −γV (q, ξ), (71b)

for positive constants γ1, γ2, γ > 0. This Lyapunov func-
tion certifies the ability of the full-order dynamics to
track commands generated by the reduced dynamics, rep-
resented as the outputs of the reduced-order controller
k0 : Rn → Rp.

To see how this tracking controller and corresponding
Lyapunov function may be used to establish safety of the
overall system, we write the top layer dynamics from (29)
as:

q̇ = f0(q) + g0(q)(k0(q) + d), (72)

where:
d := ξ − k0(q), (73)

is the tracking error for the full order system, which is
treated as a disturbance that must be rejected by the top
layer to ensure safety. To account for this disturbance, we
now require k0 to satisfy:

Lf0h0(q) + Lg0
h0(q)k0(q) ≥ −αh0(q) +

1

ε
∥Lg0

h0(q)∥2,
(74)

where h0 : Rn → R defines the set C0 ⊂ Rn as in (37)
and α, ε > 0. That is, rather than requiring h0 to be a
CBF for the top layer dynamics, we now require h0 to be
an ISSf-CBF (see Sec. 2.4) for the top layer. Following a
similar procedure as before, we now define:

h(q, ξ) = h0(q)−
1

µγ1
V (q, ξ), (75)

as a candidate barrier function for the closed-loop system,
which defines the candidate safe set:

C = {(q, ξ) ∈ Rn × Rp : h(q, ξ) ≥ 0}, (76)

as its zero superlevel set. As V is positive definite, we
have h(q, ξ) ≥ 0 =⇒ h0(q) ≥ 0 so that enforcing for-
ward invariance of C in (76) is sufficient to ensure that
h0(q(t)) ≥ 0. The following theorem provides conditions
under which h is a barrier function for the closed-loop sys-
tem.

Theorem 12. Consider the dynamics in (29), the con-
straint set C0 ⊂ Rn in (37), and suppose there exists a con-
tinuously differentiable controller k0 : Rn → Rp and posi-
tive constants α, ε > 0 satisfying (74). Furthermore, sup-
pose there exists a tracking controller k : Rn × Rp → Rm

and Lyapunov function V : Rn × Rp → R≥0 satisfying
(71) for positive constants γ1, γ2, γ > 0. Provided:

γ ≥ α+
εµ

4
, (77)

then C ⊂ Rn×Rp as defined in (76) is forward invariant for
the closed-loop control affine system (31) with u = k(q, ξ).

The previous theorem, whose proof is provided in the
Appendix, states that, with good enough tracking perfor-
mance, safety may be enforced on the full-order dynamics
by simply tracking the outputs of a safe ROM. The con-
dition in (77) requires that the rate of convergence of the
tracking error – captured via γ – must be larger than the
rate at which the ROM may approach the boundary of
the constraint set – captured via α. For a fixed tracking
controller, one may satisfy (77) by designing an appropri-
ate ROM by decreasing α, which limits how quickly the
ROM may approach the boundary of the constraint set,
and decreasing ε, which corresponds to robustifying the
ROM to larger tracking errors. Hence, for a fixed tracking
controller satisfying (71), one may always ensure safety at
the cost of using a more conservative ROM.

As argued earlier, the benefit of the preceding result is
that the safety-critical portion of the control architecture
only relies on the reduced-order dynamics. As opposed,
the results from earlier sections established the existence
of CBF for the full-order system, the dynamics of which
one must ultimately leverage to synthesize a controller en-
forcing safety. Here, one may instead leverage an existing
tracking controller that may already be integrated into the
system’s autonomy stack to track commands produced by
the reduced-order controller and guarantee safety.

These safety guarantees, of course, are conditioned on
the ability of such a tracking controller to perfectly track
reference commands. In practice, however, perfect track-
ing – the satisfaction of (71b) – is often not achievable and
instead, our tracking controller k may only achieve:

V̇ (q, ξ) ≤ −γV (q, ξ) + δ, (78)

for positive constants γ, δ > 0. That is, the tracking con-
troller enforces input-to-state-stability (ISS) of the track-
ing error dynamics rather than exponential stability as in
(71b). The inability of the full-order dynamics to per-
fectly track the reduced-order model leads us to consider
the modified barrier candidate:

h(q, ξ) = h0(q)−
1

µγ1

(
V (q, ξ)− δ

α

)
, (79)

which defines a candidate safe set C as in (76). Compared
to (75), the above barrier candidate inflates the original
safe set proportional to δ to account for imperfect track-
ing. The following result illustrates that under similar
conditions to those in Theorem 12, this tracking controller
enforces ISSf of the overall system with respect to the ISSf
barrier function (79).
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Theorem 13. Consider the dynamics in (29), the con-
straint set C0 ⊂ Rn in (37), and suppose there exists a con-
tinuously differentiable controller k0 : Rn → Rp and posi-
tive constants α, ε > 0 satisfying (74). Furthermore, sup-
pose there exists a tracking controller k : Rn × Rp → Rm
and Lyapunov function V : Rn × Rp → R≥0 satisfying
(71a) and (78) for positive constants γ1, γ2, γ, δ > 0. Pro-
vided (77) holds, then then C ⊂ Rn×Rp as defined in (76),
with h : Rn×Rp → R from (79), is forward invariant for
the closed-loop control affine system (31) with u = k(q, ξ).

The proof of this result follows the same steps as those
employed in the proof of Theorem 12. As this result es-
tablishes forward invariance of an inflated safe set, rather
than the original safe set defined by (75), it effectively es-
tablishes ISSf of the full-order dynamics. Note that for
both Theorems 12 and 13 the parameters of the ROM and
tracking controller must satisfy the same condition (77);
however, the safe sets for each of these results – charac-
terized as the zero superlevel sets of (75) and (79), re-
spectively – are different. Compared to (75), the safe set
defined by (79) is inflated by an additional margin pro-
portional to δ/α. One can bring the resulting inflated safe
set closer to the original safe set by increasing α, resulting
in a more “aggressive” ROM; however, to guarantee ISSf,
the increase in α must be compensated for with larger
γ, which requires the tracking controller to enforce faster
convergence of the system to commanded references. Fur-
thermore, by increasing robustness through decreasing ε,
one may take larger values of µ in (77), making the corre-
sponding forward invariant set given by (79) closer to the
original constraint set given by h0. Before proceeding, we
illustrate how one may apply these results with the help
of the following example.

Example 9 (Planar Segway). We demonstrate the
model-free safety-critical control paradigm by using the
example of a Segway control problem from [5]. Consider
the planar Segway model in Fig. 10(a) with configuration
q = (p, φ) ∈ Q = R× [0, 2π) including the position p and
pitch angle φ of the Segway. We seek to drive the Segway
with a desired speed ṗd until reaching a wall at position
pmax where the Segway must stop automatically such that
p ≤ pmax. The dynamics of the Segway are given by (33)
with u ∈ R being the voltage on the Segway’s motors and:

D(q)=

[
m0 mL cosφ

mL cosφ J0

]
, G(q)=

[
0

−mgL sinφ

]
,

C(q, q̇)=

[
bt/R −bt −mLφ̇ sinφ
−bt btR

]
, B=

[
Km/R
−Km

]
,

where R and L are geometric dimensions, m, m0, J0
are mass and inertia parameters, g is acceleration from
gravity, while bt and Km are motor parameters, all given
in [5]. Note that although these dynamics are in the form
of (33), they are underactuated, which complicates the
backstepping-like methods developed in previous sections.

To address this challenge, we proceed to leverage the
model-free safety-critical control approach developed in
this section, where we use the single integrator q̇ = ξ as
a ROM to provide safety against collision with the wall,

with desired controller k0,d(q) =
[
ṗd 0

]⊤
and CBF:

h0(q) = pmax − p,

that satisfies Lg0
h0(q) ̸= 0. This CBF is then used to con-

struct a smooth safety filter k0 : Q → R2 as in Sec. 2.5
for the ROM. The output of this smooth safety filter repre-
sents a safe velocity for the Segway: the robot may travel
with the desired speed ṗd until getting close to the wall,
where it must reduce its speed according to its distance
from the wall. The safe velocity can be tracked by an on-
board controller designed for the full system (33) that also
stabilizes the Segway upright:

k(q, q̇) = Kṗ(ṗ− k0(q)) +Kφφ+Kφ̇φ̇. (80)

with gains Kṗ, Kφ, Kφ̇, where k0(q) is the first compo-
nent of k0(q) and represents a safe forward velocity. This
controller satisfies the conditions of Theorem 13 using:

V (q, q̇) =
1

2
(q̇− k0(q))

⊤D(q)(q̇− k0(q)),

as an ISS Lyapunov function, wherein the constants γ and
δ from (78) may be determined using a similar analysis to
that performed in [5].

The results of applying this controller to the Segway for
different choices of gains in (80) and different choices of
α and ε used in synthesizing the smooth safety filter k0

are provided in Fig. 9. In particular, the left and right
columns in Fig. 9 illustrate the behavior of the system for
Kṗ = 50 and Kṗ = 30, respectively, for different choices of
α and ε. Here, safety is maintained for larger Kṗ, result-
ing in larger γ in (78), whereas safety is violated for small
values of Kṗ. Intuitively, larger values of Kṗ allow the full-
order dynamics to respond faster to commands generated
by the ROM and maintain safety (cf. (77)). This high-
lights the fact that, although the controller (80) ultimately
applied to this system does not directly leverage the full-
order Segway dynamics, tuning this tracking controller to
enforce safety may require exploiting model knowledge. In
practice, however, it may not be possible to modify an ex-
isting tracking controller to satisfy (77) as it may represent
a “black-box” module already be integrated into the sys-
tem’s autonomy stack. In such a situation, one can only
tune the behavior of the reduced-order model via α and
ε, to satisfy the conditions required by (77). The effect of
changing α for the two tracking controllers is illustrated
in the middle row of Fig. 9, where the tracking controller
that originally did not enforce safety (Kṗ = 30) maintains
safety with a lower value of α. Intuitively, decreasing α
causes the reduced-order model to approach the boundary
of the constraint set more slowly, requiring less aggressive
tracking by the full-order dynamics to ensure safety. Al-
ternatively, one may tune the reduced-order model by de-
creasing ε (bottom row of Fig. 9), which effectively adds an
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Figure 9: Model-free safety-critical control of the planar Segway from
Example 9. The plots display the evolution of the Segway’s position
generated by the controller in (80) with Kṗ = 50 (left) and Kṗ = 30
(right) for different choices of α and ε

. The curves of different colors represent the trajectories
under different smooth safety filters for the ROM, where
the colors have the same interpretation as in Fig. 2.

additional robustness margin to the reduced-order model,
causing it to stop short of the original constraint boundary.

6.2. Safely Tracking Nonsmooth ROMs

Thus far, the safety-critical control via ROM paradigm
has relied on the use of smooth ROMs, implying that one
must leverage the smooth safety filters from Sec. 2.5 to de-
sign a safe ROM controller k0 : Rn → Rp. Although these
smooth safety filters can be tuned to approximate the QP-
based safety filter from (13) arbitrarily closely, in practice,
such controllers tend to be more conservative than their
QP counterparts. Our restriction to smooth controllers at
the ROM level was necessary in our backstepping approach
since such controllers were explicitly used to define a CBF
for the full-order system, which must be continuously dif-
ferentiable9. Smoothness also played an important role in
the previous subsection wherein we explicitly combined a
ROM CBF and a smooth Lyapunov function to build a
CBF for the full-order system; however, as shown in this
subsection, the existence of a smooth Lyapunov function
is not necessary to establish such results.

9Note that nonsmooth versions of CBFs do exist [97, 98] and have
been used to address multiple safety constraints [99].

We now relax this smoothness requirement, which fa-
cilitates the use of QP-based controllers for the ROM, by
assuming that the tracking error d is bounded as:

∥d∥2 ≤Me−γt + δ, (81)

for nonnegative constantsM,γ, δ ≥ 0. This bound reflects
the ability of the full-order system to exponentially track
the reduced-order model up to a bound δ and is analogous
to the ISS condition in (78), albeit without the explicit use
of a Lyapunov function. One may set various constants
in (81) equal to zero to reflect the tracking capabilities
of the full-order system: δ = 0 reflects perfect tracking
and M = 0 reflects bounded, but not convergent tracking.
Rather than building a barrier function for the full-order
system from a Lyapunov function, we directly utilize (81)
to propose the time-varying barrier candidate:

h(q, ξ, t) = h0(q)−
M

µ
e−γt +

εδ

4α
, (82)

for a positive constant µ > 0, which defines the time-
varying safe set:

C(t) := {(q, ξ) ∈ Rn × Rp : h(q, ξ, t) ≥ 0}, (83)

associating to each time t a set C(t) ⊂ Rn × Rp of safe
states. The following theorem shows that, under similar
conditions to the preceding results, h as in (82) is an ISSf
barrier function for the closed-loop system.

Theorem 14. Consider the dynamics in (29), the con-
straint set C0 ⊂ Rn in (37), and suppose there exists a
controller k0 : Rn → Rp and positive constants α, ε > 0
satisfying (74). Furthermore, suppose there exists a track-
ing controller k : Rn × Rp → Rm enforcing the tracking
error bound in (81) for constants M,γ, δ ≥ 0. Provided
that (77) holds then C(t) ⊂ Rn × Rp as defined in (83) is
forward invariant for the corresponding closed-loop control
affine system (31) with u = k(q, ξ).

For completeness, the proof of this theorem is provided in
the Appendix. The following example shows how the pre-
ceding results allow for leveraging a QP-based controller
for the ROM from Example 9.

Example 10 (Planar Segway). We now return to Ex-
ample 9, where we seek to use a QP-based controller (13)
for the ROM rather than a smooth safety filter. The QP
solution (15) leads to the following safety-critical controller
for the ROM:

k0(q) =

[
k0(q)
0

]
, k0(q) = min{ṗd, α(pmax − p)− 1

ε},

with α > 0. Although this controller is nonsmooth, we
may leverage the same exact tracking controller (80) as in
the previous example, and leverage Theorem 14 to estab-
lish safety of the full-order dynamics.
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Figure 10: Model-free safety-critical control of a Segway in simu-
lation, with results from [5]. A planar Segway model is controlled
to stop in front of a wall, by the help of a CBF-based safe velocity
command and a velocity-tracking controller.

Figure 10 shows the corresponding simulation results
from [5]. The Segway’s motion is safe, as established by
Theorem 14. Once again, the safe velocity expression does
not use the full model (33), but only exploits the under-
lying multi-layer structure with a corresponding trivial
ROM that has no parameters. This ultimately leads to
a model-free method with a simple explicit “min” formula
to provide safety for a robotic system. Meanwhile, the
tracking controller does not involve the expressions in the
model (33) either, however, as discussed in Example 9, ap-
propriate selection of the gains Kṗ, Kφ, Kφ̇ may require
model information. Furthermore, when directly tuning the
gains of the tracking controller is not feasible, one may di-
rectly modify the parameters of the reduced-order model
to ensure safety as demonstrated in Example 9.

7. Case Studies

Thus far, we have introduced a variety of different CBF
techniques based on the idea of leveraging ROMs to extend
a CBF for a simple system to one for a complex system. In
each of our illustrations of these techniques, we have cho-
sen relatively simple examples that are just rich enough
to capture the main ideas introduced herein. Yet, the mo-
tivation for introducing such ideas in the first place was
to provide a viable pathway to safety-critical control of
complex, high-dimensional autonomous systems.

The safety-critical controllers established above through
the use of CBF theory have been implemented on a wide
variety of such systems, and, in this section, we revisit
more complex application examples from the literature
that use these methods. These examples include safety-
critical control of fixed-wing aircraft, flying, legged and
wheeled robots, manipulators, and heavy-duty trucks—
both in simulation and hardware experiments.

7.1. Run-time Assurance on Fixed-wing Aircraft

We demonstrate the application of safe backstepping
with CBFs by revisiting the work in [100], wherein a
fixed-wing aircraft was controlled in a safety-critical fash-
ion with the objective of preventing collision with other
aircraft or entry into a restricted airspace bounded by a
“geofence”. The overall control pipeline is illustrated in
Fig. 11. The aircraft uses a desired flight controller, that
tracks a trajectory with stable flight, and a run-time as-
surance (RTA) system, that overrides this desired flight
controller whenever necessary for collision avoidance and
geofencing. The RTA is formulated as a safety filter using
CBFs constructed by backstepping.

The controller synthesis is based on a kinematic model,
that is used to design acceleration and angular velocity
commands for the aircraft in a provably safe fashion. This
model has a multi-layer cascaded structure similar to (48):

ṙ = v(ζ),

ζ̇ = fζ(ζ, ϕ,AT, Q),

ϕ̇ = fϕ(ζ, ϕ,Q, P ),

with state x=(r, ζ, ϕ)∈R7 and input u=(AT, P,Q)∈R3;
see detailed description in [100]. According to this model,
the position r ∈ R3 evolves according to the expression of
the velocity v, given by the state ζ ∈ R3 that includes
speed, pitch angle and yaw angle. The evolution of ζ de-
pends on the roll angle ϕ ∈ R, the longitudinal acceler-
ation AT ∈ R and the angular velocity Q ∈ R about the
right axis of the aircraft (related to pitching up or down),
where AT and Q are viewed as control inputs. Finally, the
evolution of the last state ϕ involves the angular velocity
P about the front axis (related to rolling), which is consid-
ered to be the third control input. Overall, the dynamics
have a 3-layer cascaded structure, where inputs enter at
the second and third layers. Importantly, the right-hand
side functions fζ and fϕ are affine in the control inputs
AT, P , Q and in certain expressions of the states.
This structure can be exploited to synthesize a CBF via

backstepping for use in collision avoidance and geofencing.
For collision avoidance, consider the distance:

h0,i(r) = ∥r− ri∥ − ρi,

between the controlled aircraft and multiple other aircraft
with index i, whose position is ri ∈ R3, while ρi > 0 are
collision radii. For geofencing, the distance between the
aircraft and a planar geofence boundary with position ri
and normal vector ni can be utilized:

h0,i(r) = n⊤
i (r− ri)− ρi,

where index i refers to multiple geofence constraints, that
is, geofences with more complex geometry. These func-
tions can be combined into a single CBF candidate and
used to construct the CBF h via backstepping. This pro-
cess takes multiple steps; the details are found in [100].
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Figure 11: Run-time assurance on fixed-wing aircraft to guarantee
safety with respect to collision avoidance and geofencing. The re-
sults – repeated from [100] – demonstrate that safety-critical flight
controllers, which use backstepping-based CBFs and leverage the
multi-layer structure of the underlying dynamics, are able to gener-
ate maneuvers to prevent collision with other aircraft and entry into
restricted airspace.

The CBF can be used in the QP-based controller (15)
to achieve safety-critical behavior. The resulting motion
is demonstrated in Fig. 11 by the simulation of simultane-
ous collision avoidance and geofencing scenario. The con-
trolled aircraft seeks to track a straight trajectory, and its
run-time assurance system intervenes to guarantee safety.
The aircraft first accelerates, pitches up, and turns left to
avoid collision with the other aircraft, and then it is forced
to turn right to avoid crossing the two geofence boundaries.
This behavior is generated by the backstepping-based CBF
h, which was kept nonnegative throughout the motion. As
a result, the three position-based CBF candidates h0,i are
also kept nonnegative, which indicates that the underlying
maneuvers are executed with guaranteed safety.

7.2. Safety-critical Control of Quadrotors

Next, we illustrate safe behavior on another important
class of aircraft: quadrotors. We revisit the results of [7],

where the techniques discussed in Sec. 6 were first demon-
strated by hardware experiments on drones. The quadro-
tor shown in Fig. 12 was utilized in indoor flight tests to
traverse obstacle fields with various obstacle arrangements
(see bottom panels). In each scenario, the drone used an
onboard flight controller to track velocity commands. To
obtain these commands, first, a desired velocity was pro-
vided by a high-level desired controller. Then, using a
single integrator as a ROM of the full quadrotor dynam-
ics, a safety filter modified the desired velocity to a safe
velocity command. The CBF underlying this safety filter
was the distance between the quadrotor and the obstacle.
Tracking of the resulting velocity resulted in collision-free
flight, as the theory in Section 6 suggests.

Importantly, safety filters can also be implemented to
prevent a human pilot from crashing a drone. The flight
tests in [7] also demonstrated a case where a human was
piloting the drone manually. These experimental results
are shown in the top right panel of Fig. 12. Here, a human
pilot provides the desired velocity commands for traversing
the field such that the drone is actively driven towards
the obstacles. Yet, even when the human pilot intends to
hit the obstacles, the safety filter intervenes and prevents
a collision. As such, human pilots usually provide high-
level commands for robotic systems like this drone, hence
a high-level safety filter – operating based on ROMs and
CBFs – is suitable for keeping the system safe.

7.3. Safe Flying, Legged and Wheeled Robots

The control strategy discussed for quadrotors can be
extended to a wide range of robotic systems. We demon-
strate this by revisiting the results from [5] where flying,
legged, and wheeled robots were controlled via the same
approach: stable tracking of safe ROMs. This approach
leverages the fact that many robotic systems have multi-
layer structures in their dynamics, where the top layer
captures the relationship between the configuration and
velocity of robots while the bottom layer relates veloci-
ties to forces or torques. As such, the top-level dynamics
can be viewed as ROMs describing the evolution of the
configuration. If safety is captured by a set C0 in the con-
figuration space (that is the case e.g. for collision avoid-
ance), then CBFs for these ROMs can be used to find safe
velocity commands, which can be tracked by existing on-
board controllers that make the robot fly, walk or drive.
This yields a simple method to guarantee safety of various
robots. Moreover, as was highlighted for quadrotors, the
ROMs are often trivial equations with no parameters, like
the single integrator in (35). Such ROMs lead to simple
geometric expressions for the safe velocity, regardless of
how complex the full model is. We refer to this approach
as model-free safety-critical control.

The model-free safety-critical control paradigm is illus-
trated in Fig. 13. Three fundamentally different robots –
a custom-built racing drone, a Unitree A1 quadruped, and
a Ninebot E+ Segway – are controlled with the model-free
approach to accomplish a reach-avoid task similar to that
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Figure 12: Safety-critical indoor flight tests with a quadrotor [7]. The quadrotor is controlled to traverse obstacle courses with various obstacle
arrangements while maintaining a collision-free flight. The single integrator is used as ROM for the quadrotor’s dynamics, while the distance
from the obstacle is considered as the CBF. By incorporating these into a safety filter, safe velocity commands are computed, which are then
tracked by the onboard flight controller. The end result is collision-free motion in each scenario.

in Fig. 4. Using single integrator or unicycle reduced-order
kinematics, CBF-based safe velocity expressions are com-
puted for each robot, which are commanded as a reference
signal to be tracked by the controller that flies the drone
(established in [101]), locomotes the quadruped (developed
in [102]) and drives the Segway (described in [56, 5]), re-
spectively. The velocity tracking error, observed in the
right panels, satisfies the bound (81), thus safety can be
established according to Theorem 14. Indeed, safe be-
havior was observed in hardware experiments (drone and
quadruped) and high-fidelity simulations (segway), as in-
dicated by the positive value of the CBF h0 of the reduced-
order kinematics. Note that these results from [5] did not
include the robustness term with ε in (74) (i.e., ε→ ∞
was taken), hence a different variant of Theorem 14 with
more restrictive assumptions was required to prove safety.
We will highlight the relevance of robustness terms in the
upcoming subsections where CBFs are used on industrial
manipulators and heavy-duty vehicles.

7.4. CBFs in Collaborative Robotics

In the previous case study [5], we demonstrated how
ROMs may be used to develop safety-critical controllers
for a variety of robotic systems, including legged robots. In
the context of safe legged locomotion, this approach lever-
aged the system’s existing control architecture, developed
in [102], and allowed to control a rather complex robotic
system by simply passing safe reference commands, gener-
ated by models such as a single integrator or unicycle, to
the existing architecture. In the present case study, we fur-
ther explore how CBFs may integrate into a system’s over-
all autonomy stack in the context of collaborative legged
locomotion [78] as portrayed in Fig. 14.

Here, the objective is for a team of holonomically con-
strained robots, in this case, a team of quadrupeds, to
collaborate and safely navigate around obstacles before
arriving at a goal location. These holonomic constraints
could represent, for example, a payload that these robots
seek to transport, which constrains the team’s overall for-
mation. To complete this task, the control architecture
is broken down into three layers, each leveraging a more
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Figure 13: Illustration of the model-free safety-critical control paradigm from [5]. An obstacle avoidance task is executed on three fundamen-
tally different systems: flying, legged, and wheeled robots. Each robot is controlled safely based on reduced-order (i.e., single integrator or
unicycle) kinematics, by calculating safe velocity commands using CBFs and tracking these commands using on-board flight, walking, and
driving controllers. (a) Hardware experiments on Drone, (b,c) hardware experiments on Quadruped, (d) high-fidelity simulations on Segway.

detailed model of the interconnected robotic system. The
top layer represents each quadruped as a double integrator
and leverages CBFs to simultaneously enforce the holo-
nomic constraints and obstacle avoidance. The outputs
of the top layer are thus safe position and velocity tra-
jectories that also respect the holonomic constraints im-
posed on the full-order dynamics. The middle layer seeks
to bridge the gap between these reduced-order trajectories
and the full-order dynamics by representing the robotic
team as an interconnection of single rigid bodies (SRBs).
At this level, the outputs of the top layer are used as refer-
ence commands for the center of mass of each SRB, which
are tracked by a model predictive controller that outputs
ground reaction forces (GRFs). These GRFs are input
to the bottom layer, which leverages a high-fidelity model
of each quadruped and a virtual constraint-based QP con-
troller [103, 104] to generate torque inputs that impose the
commanded GRFs and track the safe position and velocity
trajectories generated by higher layers.

The control architecture outlined above was imple-
mented on a pair of Unitree A1 quadrupeds in both sim-
ulation and experimentally [78], where the objective is for

a pair of interconnected quadrupeds to navigate around
obstacles to a goal location. As shown in Fig. 14, in both
simulation and hardware, the interconnected robotic sys-
tem successfully navigates through simple (Fig. 14a) and
cluttered environments (Fig. 14c). This is achieved by de-
composing the control architecture into multiple layers and
reasoning about both the system’s holonomic constraints –
representing the interconnection of the robots – and safety
constraints at each layer using different model representa-
tions. Ultimately, this decomposition enables the imple-
mentation of safe and real-time collaborative locomotion.

7.5. Collision-free Food Preparation with Manipulators

Next, we showcase the efficacy of utilizing CBFs and
ROMs in the context of safe robotic manipulation. In par-
ticular, we present a real-world industrial application, re-
ported in [77], wherein a manipulator is employed in a
kitchen for automated food preparation that must be exe-
cuted in a collision-free manner. The manipulator, shown
in Fig. 15, is a Miso Robotics Flippy2 robot. This robot is
intended to manipulate kitchen equipment in order to pick
up, deep fry, and dispense food while avoiding collision
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Figure 14: Simulation and hardware results corresponding the to collaborative locomotion case study, originally reported in [78].

with its environment. Executing such behaviors requires
sophisticated motion plans, which are computed for var-
ious environmental factors and initial conditions. Many
of the required motion plans are similar trajectories with
only slight deviations, accounting for the fact that food
baskets may move and deform slightly, workers may push
the equipment, or the robot may have a slightly different
initial configuration. Therefore, rather than replanning a
trajectory in each slightly different situation, it is more ef-
ficient to use a CBF-based safety filter to modify a nominal
trajectory online and provide formal safety guarantees.

Importantly, the manipulator has an efficient low-level
control system that enables the tracking of trajectories
and, in particular, velocity commands. Hence, this archi-
tecture is well-suited for utilizing the approach outlined
in Section 6. Specifically, the kinematic equations of the
robot can be used as a ROM to design safe velocity com-
mands via CBF-based safety filters, which can be tracked
by the low-level controller. Ensuring safety at the ROM
level via velocity commands – rather than for the full dy-
namics by filtering the low-level controller – was also moti-
vated by the fact that the details of the low-level controller
were proprietary, and could not be modified. At the same
time, the industrial low-level controller is well-designed for
velocity tracking and capable of keeping the tracking error
bounded as in (81). As established by Theorem 14, this
enables safe behavior for the full dynamics by the appro-
priate choice of a ROM-based safety filter.

In particular, the work in [77] used the signed distance

between the closest point of the robot and its environment
as CBF candidate h0, and implemented the safety filter:

k0(q, t) = argmin
v∈Rn

∥v − k0,d(q, t)∥2

s.t. n(q)⊤J(q)v ≥ −αh0(q) + 2Jmaxq̇max,

that minimally modifies a desired velocity k0,d(q, t) given
by a nominal motion plan to a safe velocity k0(q, t). Here,
safety is achieved by enforcing a CBF-based inequality
constraint analogous to (74). The term on the left-hand
side of this constraint is an approximation of the derivative
of function h0 along the kinematic ROM (with the Jaco-
bian J and a normal vector n), while the last term on the
right-hand side is intended to provide robustness against
disturbances and approximation errors (with the bounds
Jmax and q̇max on Jacobian and velocity norms). The re-
sulting safe velocity was finally tracked by the robot’s low-
level controller to execute collision-free cooking.

The performance of the manipulator employing this con-
trol architecture is illustrated by hardware experiments in
Fig. 15. The objective of the robot is to pick up a food
basket that has finished cooking and move it from the fryer
to a hanger, allowing the oil to drip off the basket before
serving. Throughout this motion, the robot needs to oper-
ate in a dense workspace, where collision must be avoided
with food baskets, fryers, the hood vent over the fryers,
and a glass pane separating the manipulator from humans,
leading to 36 collision objects in total. Although the ma-
nipulation is done in a tight space with a few centimeters
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Figure 15: Collision-free food preparation with a Flippy2 robot, with results from [77]. Nominal motion plans that manipulate baskets of food
are minimally modified using CBFs, in order to avoid collision between the robot and the kitchen equipment. Specifically, the reduced-order
kinematics of the robot are used to synthesize a safe velocity using CBFs, which then were tracked by industrial low-level controllers.

of clearance between the robot and the surrounding envi-
ronment, the manipulator manages to accomplish the task
without collision, thanks to the use of a safety filter at the
reduced-order kinematics level. This can be confirmed by
the value of the underlying CBF candidate h0, highlighted
at the bottom right of Fig. 15, which is positive during the
motion while its maximum value is only 11 centimeters.
Importantly, the resulting behavior is reproducible: [77]
reported that the use of CBFs led to collision-free behav-
ior consistently in 100 subsequent test cases.

7.6. Input-to-state Safety on Connected Automated Trucks

Finally, we demonstrate safety-critical control of heavy-
duty vehicles as originally reported in [19]. Consider the
connected automated truck in Fig. 16 that is controlled
longitudinally to follow another vehicle on a straight road.
Throughout the motion, the truck must maintain a safe
distance to avoid front-end collision, which may be crucial
in situations like emergency braking.

The truck is equipped with a low-level control system
discussed in [105] that regulates gas, brake pressure, and
gear shifts to track acceleration commands. Thus, the
truck’s desired acceleration is viewed as a high-level control
input, and double integrator models (or variants thereof,
involving resistance terms and other physical effects) can
be used as ROMs to control the truck’s motion. For ex-

ample, the following ROM was employed in [19]:

Ḋ = vL − v,

v̇ = u+ d,

v̇L = aL,

where D ∈ R is the distance of the vehicles, v ∈ R is the
speed of the truck, u ∈ R is its desired acceleration, d ∈ R
is a disturbance, vL ∈ R is the speed of the lead vehi-
cle, and aL ∈ R is its acceleration. Furthermore, we have
q = (D, v, vL) and ξ = u with our previous notations. Us-
ing the ROM, longitudinal car-following controllers can be
designed at the acceleration level by measuring D, v, vL
and aL using on-board range sensors like radar, as well as
GPS and vehicle-to-vehicle connectivity.

With the estimated states, a desired connected cruise
controller [106] can be utilized to execute car following:

k0,d(q) = A(V (D)− v) +B(W (vL)− v),

where A,B ∈ R>0 are control gains, V : R → R is the
range policy that provides a desired velocity based on the
distance, and W : R → R is the speed policy that takes
the speed limit into account. This desired controller can
be incorporated into a CBF-based safety filter, where the
CBF of the ROM:

h0(q) = D − ρ(v, vL)

involves a safe distance expression that depends on the
speeds as given by ρ : R2 → R≥0. The corresponding
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Figure 16: Input-to-state safety on heavy-duty trucks in emergency braking. A connected automated truck is controlled to track acceleration
commands designed in a safety-critical fashion using a double integrator as ROM. The tracking errors act as a significant disturbance, hence
robust safety-critical controllers are required to guarantee safe behavior. By utilizing tunable input-to-state CBFs, proposed in [18], for robust
safety-critical control design, the truck safely executes the emergency braking maneuver without maintaining an overly conservative distance.
Remarkably, this was not possible by traditional CBFs without added robustness. These results and figures have been adapted from [19].

safety filter generates safe acceleration commands, that
can ultimately be tracked by the truck in order to main-
tain a safe distance. If the tracking error is bounded, this
leads to safe behavior as highlighted by Theorem 14.

Importantly, accurate tracking of accelerations is chal-
lenging on heavy-duty trucks, since they have large inertia
and response time, as well as complicated underlying dy-
namics in the engine, powertrain and brake systems. As
a result, significant tracking errors inevitably occur that
propagate as disturbance d to the ROM. This necessitates
the use of safety-critical controllers that are robust to dis-
turbances. Specifically, [19] leveraged the concept of tun-
able input-to-state safety proposed in [18], and enforced:

Lf0h0(q)+Lg0
h0(q)k0(q) ≥ −αh0(q)+

∥Lg0
h0(q)∥2

ε(h0(q))
, (84)

as a constraint in QP-based safety filters. This constraint
is a tunable counterpart of (74), where ε : R → R>0 is
a tunable function of h0 to provide robustness near the
boundary of the safe set only (while being less robust to
disturbances when safety is not in danger of violation).
The tunability facilitates reducing the conservativeness of
the controller, to allow the truck to keep shorter distances.

The end result is shown in Fig. 16, which presents emer-
gency braking experiments on a Navistar ProStar+ Class-
8 truck as reported in [19]. The lead vehicle brakes to
a full stop (black lines), and the truck responds to this

event with various controllers (colored lines). The desired
controller is unsafe during such a harsh maneuver (blue
lines). Similarly, a safety filter that enforces (38) with-
out a robustness term (i.e., without the term of ε), al-
though performing better, still cannot maintain safety (red
lines). This is due to the fact that the tracking of acceler-
ation commands is imperfect and a significant disturbance
arises (see purple arrow), while the underlying controller is
not robust to disturbances. The robust safety-critical con-
troller that enforces (84), on the other hand, successfully
guarantees safety. This demonstrates the power of CBFs
and ROMs in guaranteeing safe behavior on real-world sys-
tems and highlights that robustness against discrepancies
between the ROM and the full system is crucial to achiev-
ing safety in practice.

8. Discussion and Conclusions

Inspired by the success of reduced-order models in
robotics, and the need for constructive techniques for
CBFs, this paper presented a tutorial on using reduced-
order models for safety-critical control. The core idea be-
hind this methodology is to extend a CBF for a relatively
simple system to a CBF for a complex system whose be-
havior, at a high level, is captured by its corresponding
reduced-order model. We demonstrated different tech-
niques, such as backstepping and Lyapunov-certified track-
ing, for constructing CBFs for relevant classes of control
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systems whose dynamics admit a particular layered struc-
ture. These systems include but are not limited to those
encountered in robotics such as wheeled, legged, and flying
robots. The central ideas of this approach were illustrated
through theoretical results, numerical examples, and case
studies that demonstrated the successful application of the
ideas presented herein across various domains.

Although the methods covered in this tutorial provide a
fairly general way to construct CBFs for relevant classes of
systems, they also possess several limitations that should
be investigated in future research. Perhaps the greatest
limitation the approaches presented herein is that CBFs
were synthesized under the assumption of unlimited con-
trol authority. In reality, any physical system will posses
actuator limits and designing CBFs that take into ac-
count such limits is of paramount importance. Popular ap-
proaches to constructing CBFs that account for actuation
limits include backup CBFs [107, 57], input-constrained
CBFs [108], and integral CBFs [109], among others. It
may be possible to unite the ideas presented herein with
such methods to systematically synthesize CBFs for high-
dimensional systems with actuation limits. Initial steps
towards this unification have been presented in [6] wherein
the methods introduced in Sec. 6 were combined with
backup CBFs to develop safety-critical controllers based
on reduced-order models that also account for actuation
limits. Alternative approaches to accounting for actuation
limits may involve the interplay between planning and con-
trol within a multi-rate framework [110] in which trajec-
tories of the reduced-order model are designed to be com-
patible with a lower-level controller with limited actuation
authority.

Another question raised by the developments in this tu-
torial is: how does one choose a suitable reduced-order
model? The results in Sec. 4 and Sec. 5 (with the excep-
tion of Sec. 5.3) effectively require the full-order dynam-
ics to be fully actuated, and demonstrate that, in such a
situation, one may simply take the reduced-order model
as a single integrator. The procedure in Sec. 5.3 demon-
strates how CBFs may be constructed for underactuated
systems under a certain set of assumptions, but falls far
short of a complete characterization of synthesizing CBFs
for underactuated systems. The challenges presented by
underactuated systems are implicitly bypassed in Sec. 6 by
assuming the existence of a low-level controller that tracks
commands generated by a reduced-order model. However,
the ability to construct such a controller will inevitably
depend heavily on both the actuation capability of the
system and on the richness of the reduced-order model.
Fully characterizing when a reduced-order model is “good”
in the sense that its behavior may be roughly replicated
by the full-order dynamics is an important open question
that deserves a more thorough investigation. We believe
classical tools from nonlinear control theory [111] such as
the zero dynamics [112], virtual constraints [113, 114, 115],
and output regulation [116, 117, 118] may play an impor-
tant role in answering such questions.

While there are important theoretical questions that re-
main unanswered, the case studies presented in Sec. 7 in-
dicate that the methods outlined in this tutorial tend to
perform well in practice (i.e., when deployed on hardware)
even when many of our standing assumptions, such as un-
limited actuation capability, are violated. Ultimately, we
believe developing principled approaches to handle such
situations will only further improve the performance of the
methods presented herein and facilitate their applications
to a broader set of autonomous systems.
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[46] M. Krstić and M. Bement, “Nonovershooting control of strict-
feedback nonlinear systems,” IEEE Trans. Autom. Control,
vol. 51, no. 12, pp. 1938–1943, 2006.

[47] W. Xiao, C. G. Cassandras, and C. Belta, Safe Autonomy with
Control Barrier Functions: Theory and Applications. Springer
Nature, 2023.

[48] X. Tan, W. S. Cortez, and D. V. Dimarogonas, “High-
order barrier functions: robustness, safety and performance-
critical control,” IEEE Trans. Autom. Control, vol. 67, no. 6,
pp. 3021–3028, 2022.

[49] A. Singletary, S. Kolathaya, and A. D. Ames, “Safety-critical
kinematic control of robotic systems,” IEEE Contr. Syst. Lett.,
vol. 6, pp. 139–144, 2022.

[50] W. S. Cortez, C. K. Verginis, and D. V. Dimarogonas, “Safe,
passive control for mechanical systems with application to
physical human-robot interactions,” in Proc. Int. Conf. Robot.
and Autom., pp. 3836–3842, 2021.

[51] W. S. Cortez, D. Oetomo, C. Manzie, and P. Choong, “Control
barrier functions for mechanical systems: Theory and applica-
tion to robotic grasping,” IEEE Trans. Contr. Syst. Tech.,
vol. 29, no. 2, pp. 530–545, 2021.

[52] W. S. Cortez and D. V. Dimarogonas, “Safe-by-design control
for Euler–Lagrange systems,” Automatica, vol. 146, p. 110620,
2022.
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dégénérés,” Annales de l’Institut Fourier, Grenoble, vol. 19,
pp. 277–304, 1969.

[85] H. Brezis, “On a characterization of flow-invariant sets,”
Communications on Pure and Applied Mathematics, vol. 23,
pp. 261–263, 1970.

[86] R. M. Redheffer, “The theorems of Bony and Brezis on flow-
invariant sets,” The American Mathematical Monthly, vol. 79,
no. 7, pp. 740–747, 1972.

[87] R. Abraham, J. E. Marsden, and T. Ratiu, Manifolds, tensor
analysis, and applications. Addison-Wesley, 1983.

[88] R. Konda, A. D. Ames, and S. Coogan, “Characterizing safety:
Minimal control barrier functions from scalar comparison sys-
tems,” IEEE Contr. Syst. Lett., vol. 5, no. 2, pp. 523–528,
2021.

[89] S. P. Boyd and L. Vandenberghe, Convex Optimization. Cam-
bridge University Press, 2004.

[90] T. G. Molnar and A. D. Ames, “Composing control barrier
functions for complex safety specifications,” IEEE Contr. Syst.
Lett., vol. 7, pp. 3615–3620, 2023.
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Appendix A. Proofs

Proof (of Theorem 8). We leverage Lemma 2 to show
that h as in (47) is a CBF for the corresponding control
affine representation (45) of the mixed relative degree sys-

tem (44). We begin by computing the gradient of h as:

∇h(x) =
[
∇h0(q) + 1

µ
∂kξ

0

∂q (q)⊤(ξ − kξ
0(q))

− 1
µ (ξ − kξ

0(q)).

]

Thus, the Lie derivative of h along g as in (45) is:

Lgh(x)
⊤ =

[
Lgu

0
h0(q) +

1
µ
∂kξ

0

∂q (q)⊤(ξ − kξ
0(q))g

u
0 (q)

− 1
µ (ξ − kξ

0(q))g
u
1 (q, ξ).

]

We now analyze the behavior of ḣ when:

[
Lgu

0
h0(q) +

1
µ
∂kξ

0

∂q (q)⊤(ξ − kξ
0(q))g

u
0 (q)

− 1
µ (ξ − kξ

0(q))g
u
1 (q, ξ)

]
=

[
0
0

]
.

It thus follows from the assumption that gu
1 is pseudo-

invertible and the second equation in the above system
that, when Lgh(x) = 0, we must have ξ − kξ

0(q) = 0. It
then follows from the first equation of the above system
that, when Lgh(x) = 0, we must also have Lgu

0
h0(q) = 0.

Now, computing the Lie derivative of h along f as in (45)
when Lgh(x) = 0, we have:

Lfh(x) =
[
∇h0(q) 0

] [f0(q) + gξ
0(q)ξ

f1(q, ξ)

]
=Lf0h0(q) + Lgξ

0
h0(q)ξ

=Lf0h0(q) + Lgξ
0
h0(q)k

ξ
0(q)

>− α(h0(q))− Lgu
0
h0(q)k

u
0 (q)

=− α(h0(q))

=− α(h(x)),

where the third line follows from ξ = kξ
0(q), the fourth

from (46), the fifth from Lgu
0
h0(q) = 0, and the sixth

from h0(q) = h(x) (provided Lgh(x) = 0). It follows from
Lemma 2 that h is a CBF for (45) on C as in (40). □

Proof (of Theorem 9). We establish this result by
showing that the function h : TQ → R as defined in (51)
satisfies the barrier-like inequality ḣ(q, q̇) ≥ −α(h(q, q̇))
for the closed-loop system, allowing one to invoke the com-
parison lemma [81, Lemma 3.4] to establish forward invari-
ance of C. To do so, we compute:

ḣ(q, q̇) =ḣ0(q, q̇)−
1

µ
V̇ (q, q̇),
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noting that ḣ0(q, q̇) = ∇h0(q) · q̇ and:

V̇ (q, q̇) =(q̇− k0(q))
⊤
[
D(q)q̈−D(q)

∂k0

∂q
(q)q̇

]
+

1

2
(q̇− k0(q))

⊤Ḋ(q, q̇)(q̇− k0(q))

=− (q̇− k0(q))
⊤
[
D(q)

∂k0

∂q
(q)q̇+C(q, q̇)q̇

+G(q)−Bk(q, q̇)
]

+
1

2
(q̇− k0(q))

⊤Ḋ(q, q̇)(q̇− k0(q))

=− (q̇− k0(q))
⊤
[
D(q)

∂k0

∂q
(q)q̇+C(q, q̇)k0(q)

+G(q)−Bk(q, q̇)
]
,

where the second equality follows from substituting in the
dynamics (33) and the third from Property 1. Hence, ḣ
may be expressed as:

ḣ(q, q̇) =∇h0(q) · q̇+
1

µ
(q̇− k0(q))

⊤
[
D(q)

∂k0

∂q
(q)q̇

+C(q, q̇)k0(q) +G(q)−Bk(q, q̇)
]

≥− α(h(q, q̇)),

where the inequality follows from (55). It then follows
from the comparison lemma that h(q(t), q̇(t)) ≥ h(q0, q̇0)
for all t ∈ I(q0, q̇0) so that if the system’s initial condition
satisfies (q0, q̇0) ∈ C, then h(q(t), q̇(t)) ≥ 0 for all t ∈
I(q0, q̇0), implying the forward invariance of C. □

Proof (of Theorem 10). We use an argument similar
to Lemma 2 to show that h as defined in (66) is a CBF.
We begin by computing the time derivative of h to obtain:

ḣ(x,u) =∇h0,1(q1) · q̇1+
1

µ
(q̇1 − k0,1(q1))

⊤D̄1(q)
∂k0,1

∂q1
q̇1

− 1

µ
(q̇1 − k0,1(q1))

⊤D̄1(q)q̈1

− 1

2µ
(q̇1 − k0,1(q1))

⊤ ˙̄D1(q, q̇)(q̇1 − k0,1(q1))

=∇h0,1(q1) · q̇1+
1

µ
(q̇1 − k0,1(q1))

⊤D̄1(q)
∂k0,1

∂q1
q̇1

− 1

µ
(q̇1 − k0,1(q1))

⊤B1u

+
1

µ
(q̇1 − k0,1(q1))

⊤H̄1(q, q̇)

− 1

2µ
(q̇1 − k0,1(q1))

⊤ ˙̄D1(q, q̇)(q̇1 − k0,1(q1)).

Collecting various terms in the above, we see that:

Lfh(x) =∇h0,1(q1) · q̇1 +
1

µ
(q̇1 − k0,1(q1))

⊤H̄1(q, q̇)

+
1

µ
(q̇1 − k0,1(q1))

⊤D̄1(q)
∂k0,1

∂q1
q̇1

− 1

2µ
(q̇1 − k0,1(q1))

⊤ ˙̄D1(q, q̇)(q̇1 − k0,1(q1))

Lgh(x) =− 1

µ
(q̇1 − k0,1(q1))

⊤B1,

where x = (q, q̇) and f and g are as in (34). Now, since
B1 is pseudo-invertible, we have:

Lgh(x) = 0 ⇐⇒ (q̇1 − k0,1(q1))
⊤B1 = 0

⇐⇒ q̇1 = k0,1(q1).

Hence, when Lgh(x) = 0, we have:

Lfh(x) =∇h0,1(q1) · k0,1(q1)

> −α(h0,1(q1))

= −α(h(q, q̇)),

which implies that h is a CBF for (34). □

Proof (of Theorem 12). Computing the time deriva-
tive of h yields:

ḣ(q, ξ) =ḣ0(q, ξ)−
1

µγ1
V̇ (q, ξ)

=Lf0h0(q) + Lg0h0(q)ξ − 1

µγ1
V̇ (q, ξ)

=Lf0h0(q) + Lg0
h0(q)(k0(q) + d)− 1

µγ1
V̇ (q, ξ)

≥Lf0h0(q) + Lg0
h0(q)(k0(q) + d) +

γ

µγ1
V (q, ξ)

≥− αh0(q) +
1

ε
∥Lg0h0(q)∥2

− ∥Lg0
h0(q)∥∥d∥+

γ

µγ1
V (q, ξ),

where the first inequality follows from (71b) and the second
from (74). After completing squares and further bounding
ḣ, we have:

ḣ(q, ξ) ≥− αh0(q)−
ε

4
∥d∥2 + γ

µγ1
V (q, ξ)

≥− αh0(q)−
ε

4γ1
V (q, ξ) +

γ

µγ1
V (q, ξ)

=− αh(q, ξ) +
1

µγ1

(
γ − α− εµ

4

)
V (q, ξ),

where the second inequality follows from (71a) and the
final equality from (75). Hence, provided (77) holds, then:

ḣ(q, ξ) ≥ −αh(q, ξ),

implying h is a barrier function for (31) with u = k(x) on
C as in (76), which implies that C is forward invariant for
the closed-loop system by Theorem 2. □

37



Proof (of Theorem 14). Taking the time derivative of
h from (82) yields:

ḣ(q, ξ, t) =ḣ0(q, ξ) +
γM

µ
e−γt

=Lf0h0(q) + Lg0h0(q)ξ +
γM

µ
e−γt

=Lf0h0(q) + Lg0
h0(q)(k0(q) + d) +

γM

µ
e−γt.

Lower bounding the above using (74) yields:

ḣ(q, ξ, t) ≥− αh0(q) +
1

ε
∥Lg0

h0(q)∥2 − ∥Lg0
h0(q)∥∥d∥

+
γM

µ
e−γt,

which, after completing squares, may be further bounded
as:

ḣ(q, ξ, t) ≥− αh0(q)−
ε

4
∥d∥2 + γM

µ
e−γt.

It then follows from the above and the bound on d from
(81) that:

ḣ(q, ξ, t) ≥− αh0(q)−
εM

4
e−γt − εδ

4
+
γM

µ
e−γt

=− αh0(q) +
M

µ

(
γ − εµ

4

)
e−γt − εδ

4
.

Using the definition of h from (82), we then have:

ḣ(q, ξ, t) ≥− αh(q, ξ, t) +
M

µ

(
γ − α− εµ

4

)
e−γt.

Thus, provided (77) holds, then:

ḣ(q, ξ, t) ≥ −αh(q, ξ, t).

It then follows from the comparison lemma that
h(q(t), ξ(t), t) ≥ h(q0, ξ0, 0) for all t ∈ I(q0, ξ0) so that
if the system’s initial condition satisfies (q0, ξ0) ∈ C(0),
then h(q(t), ξ(t), t) ≥ 0 for all t ∈ I(q0, ξ0), implying the
forward invariance of C(t). □
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